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Submitted  in  partial  fulfillment  of  the 
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An  Automatic  Phase  Control  System  is  analyzed  to  deter¬ 
mine  Its  response  to  frequency  modulated  signals  and  narrow- 
band  Gaussian  noise.  Emphasis  Is  placed  on  the  System's  re¬ 
sponse  to  frequency  ramp  modulated  signals.  In  constradls- 
tlnctlon  to  previous  analyses,  the  assumptions  of  a  lineariz¬ 
ed  system  and  of  a  s/n  ratio  greater  than  unity  were  not 
made . 

The  response  of  the  System  to  an  PM  signal  Is  obtained 
using  a  perturbation  technique  and  perturbing  about  the  solu¬ 
tion  to  the  nonlinear  pendulum  problem.  A  plecewlse-linear 
solution  la  also  presented  and  used  to  extend  the  class  of 
solutions  obtainable  when  using  the  perturbation  technique. 

It  Is  shown  that  the  perturbation  technique  results  In  an  ex¬ 
cellent  approximation  to  the  actual  System  response  which  wee 
determined  experimentally.  However,  the  technique  Is  only 
valid  when  the  System  Is  underdamped.  The  piecewlse-llnear 
technique  does  not  result  In  as  good  an  approxi;natlon,  but 
It  can  be  used  when  the  System  Is  critically-damped,  or  over¬ 
damped.  Utilizing  these  techniques,  the  response  of  the  APC 
System  to  a  frequency  ramp  modulated  signal  was  obtained,  the 
Initial  conditions  required  for  the  System  to  synchronize  to 
a  frequency  ramp  modulated  signal  determined,  and  the  use  of 
the  System  as  an  PM  demodulated  discussed  In  detail. 
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The  response  of  the  Automatic  Phase  Control  System  to 
narrow-band  Gaussian  noise  is  next  obtained.  An  Iteration 
technique  is  used  and  convergence  is  proven.  It  is  shown 
that  the  APC  System  responds  to  noise  as  an  open- loop  System 
rather  than  as  a  closed-loop  System.  The  phase  jitter  pres¬ 
ent  in  the  output  of  the  System  is  shown  to  represent  a  non¬ 
stationary  Gaussian  distribution. 

The  last  section  of  the  dissertation  discusses  the  re¬ 
sponse  of  an  Automatic  Phase  Control  System  to  FM  Signals  em¬ 
bedded  in  noise  An  iteration  technique  is  used  and  a  first 

iteration  taken.  The  results  obtained  from  this  first  approx¬ 
imation  yield  a  qualitative  understanding  of  the  effect  of 
the  System  parameters  on  the  probability  of  synchronizing  to 
a  signal  when  the  input  S/N  ratio  is  much  less  than  unity. 
This  discussion  is  then  extended  experimentally.  It  is  shown 
that  a  critically-damped  System  can  tolerate  a  lower  S/n 
ratio  than  an  underdamped  or  overdamped  System. 
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Chapter  1 


INTRODUCTION 

1.1  Statement  of  the  Problem 

The  Automatic  Phase  Control  (APC}  System  is  the  basic 
element  In  many  communication^’^  and  radar^’^  systems.  The 
resultant  device  Is  capable  of  locking  to  an  accelerating 
target  whose  return  signal  Is  deeply  embedded  In  noise. 

The  APC  System  Is  analyzed  In  order  to  determine  Its 
response  to  frequency  modulat'^d  signals  and  noise.  Emphasis 
Is  placed  on  frequency  ramp  modulated  signals.  The  system 
can  be  described  by  a  second-order  nonlinear  differential 
equation.  This  equation  also  represents  the  response  of  a 
pendulum  to  an  applied  force  and  a  nonlinear  friction  force. 

1.2  Summary  of  Prior  Work 

In  previous  analyses  the  phase  plane  technique  was  used 
to  obtaln.the  response  of  the  APC  System  to  a  frequency  ramp 
modulated  signal.^’®  This  technique  helped  to  provide  a 
qualitative  understanding  of  the  problem.  Quantitative  re¬ 
sults  have  been  derived  by  linearizing  the  differential  equa¬ 
tion  and  solving  the  linearized  problem. The  results  ob¬ 
tained  In  this  manner  were  highly  restrictive.  They  were 
valid  only  when  the  frequency  and  phase  of  the  Incoming  sig¬ 
nal  were  similar  to  the  Initial  frequency  and  phase  of  the 
APC  System.  (This  Is  analogous  to  the  motion  of  a  pendulum 
whose  swing  Is  restricted  to  small  angles.)  In  addition, 
the  assumption  of  a  linearized  system  required  that  the  slg- 
nal-to-nolse  (s/n)  ratio  of  the  Incoming  signal  (and  associ¬ 
ated  noise)  be  much  greater  than  unlty^*®  and  that  the  noise 
be  limited. 


1 . 3  Summary  of  Results  Obtained 


In  contradistinction  to  the  analyses  performed  by  pre¬ 
vious  investigators,  the  assumptions  of  linearizing  the  sys¬ 
tem,  limiting  the  noise,  and  requiring  that  the  S/n  ratio 
be  greater  than  unity,  will  not  be  made. 

Chapter  2  describes  the  response  of  an  APC  System  to 
an  FM  signal,  An  exact  solution  to  the  nonlinear  problem  is 
obtained  using  a  perturbation  technique.  Perturbations  are 
taken  about  the  solution  to  the  pendulum  problem  The  result 
obtained  is  useful  in  obtaining  solutions  to  the  problem  when 
large  phase  errors  exist  A  plecewise-linear  analysis  is 
also  presented,  to  extend  the  results  obtained  using  the  per¬ 
turbation  technique. 

Chapter  3  discusses  the  response  of  the  APC  System  to 
noise,  when  no  signal  is  present  Using  an  iterative  proce¬ 
dure  it  is  shown  that  the  APC  System  acts  as  an  open  loop  de¬ 
vice  to  noise. 

The  response  of  an  APC  System  to  an  FM  signal  and  noise 
is  discussed  in  Chapter  4  An  iteration  technique  is  used  to 
obtain  qualitative  results  describing  the  operation  of  the 
System  when  the  S/N  ratio  Is  much  less  than  unity  These 
results  are  then  extended  experimentally  in  Chapter  3 

Chapter  5  presents  some  experimental  results  which  veri¬ 
fy  the  theory  presented  in  this  dissertation 

1 . 4  Mathematical  Formulation  of  the  Problem 

A  typical  APC  System  is  shown  in  Fig.  11  If  no  noise 
is  present,  the  input  signal 

t 

e^(t)  3  sin  €  (t)  S  sin((jD  t  *•  a  /  e^^l  Od  .)  (1.4,.  1) 

*  ^  o 

and  the  output  of  the  voltage  controlled  oscillator  (VCO) 
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(1.4.2) 


•y(t)  •  co«  0  (t)  «  co8(a)  t  +  G  /  •  (X)dX) 

*  2  8  Q  O 

are  multiplied  in  the  phase  detector.  The  phase  detector 
consists  of  a  multiplier  followed  by  a  low- pass  RC  filter. 

It  is  assumed  that  the  bandwidth,  <a^  ,  of  the  RC  filter  is 
much  larger  than  the  difference  frequency,  ^  *  obtained 

when  multiplying  e^  aM  e^  .  The  resulting  difference  fre¬ 
quency  signal 

e.(t)  »  G  S  8in(0  -  0  ) 

a  '  1  'a  X 

t  t 

-  G^S  sin(nt  4  G  /.  e^(X)dX  -  o  /  eJX)dX)  (1.4.3) 

*  o  o 

represents  the  input  to  the  filter.  In  the  above  equations 

n  *  o)  -  <0 

a  1 

0,  1.  th.  ,.in  Of  th.  Ph».  d.t«tor 

G^  is  the  sensitivity  of  the  voltage 

controlled  oscillator  (rad/sec/volt), 

and  ae^(t)  is  the  frequency  modulation  of  the  input  signal. 
The  voltage  output  of  the  filter, 

t 

•o(t)  -  /  h(t  -  X)e^(X)dX  (1.4.4) 

o 

corrects  the  frequency  of  the  VCO, (h(t)  is  the  impulsive  re¬ 
sponse  of  the  filter).  Thus  the  frequency  of  the  VCO  attempts 
to  follow  the  instantaneous  frequency  of  the  input  signal. 
When  noise  is  present,  the  input  voltage 

•g(t)  -  H(t)  4  8  Sin  <>^(t)  (1.4.5) 
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The  frequency  of  the  VCO  still  attempts  to  follow  the  instan¬ 
taneous  frequency  of  the  input  signal,  but  is  hindered  by 
frequency  jitter  caused  by  the  input  noise. 

Due  to  practical  limitations,  the  APC  System  is  usually 

operated  at  an  IP  frequency.  To  obtain  the  IP  frequency,  the 

incoming  signal  (and  associated  noise}  is  heterodyned  using 

a  local  oscillator  and  passed  through  an  IP  filter,  having  a 

center  frequency,  o)  ,  which  is  the  same  as  the  initial  fre- 

2 

quency  of  the  VCO.  It  will  be  assumed  throughout  this  disser¬ 
tation  that  the  single  tuned  IP  filter  exhibits  a  completely 
flat  response  to  all  input  signals.  The  frequency  of  the  in¬ 
put  signal,  need  not  be  the  same  as  the  Initial  frequency 
of  the  VCO,  CO  .  It  is  however,  assumed  that  the  bandwidth  of 

e  '  I  •  I 

the  IP  filter,  a  ,  is  always  much  greater  than  |  0  -  co  I  . 

i  2 

The  incoming  noise  is  initially  white  Gaussian  noise.  After 

having  been  passed  through  the  IP  filter,  the  noise  appears 

at  the  input  of  the  APC  System  as  narrow-band  Gaussian  noise, 

with  a  center  frequency,  co  ,  and  a  bandwidth,  a  . 

2 
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Chapter  2 


THE  RESPONSE  OF  AH  APC  SYSTEM  TO  AN  FM  SIGMAL 

2. 1  Introduction 

The  type  of  filter  used  greatly  influences  the  perform¬ 
ance  of  an  APC  System.  It  limits  the  frequency  range  of  op¬ 
eration  of  the  system  and  restricts  the  type  of  Input  signals 
to  which  It  can  be  synchronized. 

If  no  filter  la  used,  the  response  of  the  system  shown 
in  Pig.  1.1,  to  an  Input  signal,  e^(t)  ,  la  given  by 

aln  0  .  ft  -  oe||^(t)  (2.1  1) 

where  0  «  0  -  0 

e  1 

ft  *-0)  -  0) 
a  1 

and  <0.  ^  G  G  8 

n  la 

Equation  (2.1.1)  can  be  normalised  by  letting 

T  U  .  t 

n 

(In  -  n/<0„ 

and  o.. 

n  n 

Equation  (2.1.1)*  then  can  be  written  as 

-r  sin  0  r.  (2.1.2) 
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The  solution  to  this  equation  can  be  easily  obtained  If 

a  a  0  j  then 
n 


In  order  that  ^(t)  be  a  real  function^ 

.  (2.1.4) 


It  should  be  noted  that  this  result  can  be  obtained  directly 
from  Eq.  (2.1.1).  If  “  0  * 

sin  0  »  n  .  (2.1.3) 

(steady  state) 

Equation  (2.1.3)  also  requires  that  (  i  ^  I  •  Therefore, 
the  Initial  frequency  error,  Q  ,  must  be  less  than  the  over¬ 
all  system  sensitivity,  (o^  ,  If  the  system  Is  to  synchronise 
to  the  frequency  of  the  Input  signal.  If 

<  <  “n 

0(t)  can  be  obtained  using  a  perturbation  technique.  If 
ramp  modulation  Is  applied, 

e„(T)  -  T  .  (2.1.7) 

ro  ' 


-10- 


This  systsm  is  incspabl*  of  synchronising  to  a  frequency  ramp 
modulated  signal. 

If  an  RC  low-pass  filter  with  the  transfer  function 


H(p) 


(2.1.8) 


is  used,  the  response  of  the  system  of  Pig,  1.1  to  an  output 
signal,  e^Ct)  ,  ls*‘^ 


+  <0- 


dd 

dt 


sin  0 


”  “a  («  - 


g 

r 


(2.1  9) 


This  system  represents  the  equation  of  a  pendulvim  with  an  ap¬ 
plied  force  and  a  linear  friction  force. 

If  a  «  0  .  the  steady  state  condition  is 


sin  “H-  .  (2.1  10) 

( steady  state ) 

This  again  represents  a  system  where  !  I  ^  I  .  This  system 
is  incapable  of  synchronising  to  the  input  signal  if  ramp 
modulation  is  applied  (i.e.,  ©^^^(t)  -  t). 

To  enable  the  system  to  synchronise  to  a  signal  whose 
frequency  varies  linearly  with  time,  when  the  signal  is  em¬ 
bedded  in  noise,  an  active  phase  lag  filter  as  shown  in  Pig. 

2  I  is  employed.®'*  Using  this  filter  In  the  system  shown  in 
Pig.  1.1,  the  second-order  nonlinear  differential  equation 
describing  the  performance  of  the  system  beccxnes 

+  oo^^cos  ^  ^  +  ®n“a  ^  dt  (2.1.11) 
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th€  phase  lag  filter  usfp  to  enhance  a  freooenct  modulated  signal,  embedded  in  noise 


7) 

•NJ 


»  o 


wh«re 


C  -  R  /R  , 
a'  1 

«  1/R^C^,  rad/sec, 

(On  “  0^  S  rad/sec, 

0  B  0  >0  rad, 

2  X 

0  B  <0  *  u>  rad/aec 
8  1 

and  represents  the  frequency  modulation  of  the  Input 

signal.  It  should  be  noted  that  the  loop  gain  (or  sensitivity) 
of  the  system,  o)^,  can  be  considered  equal  to  unity,  and  Its 
actual  magnitude  considered  as  part  of  the  magnitude  of  the 
parameters  of  the  phase  lag  filter. 

Equation  (2.1.11)  can  be  simplified  and  written  In  nor¬ 
malised  form: 

+  c  CO.  ♦  +  sin  ♦  .  -a  ^  (2.1.18) 

where  ^  * 

e  «  C  .♦ 

a  ^  o/a)„a>_ 

DA 

and  =  n/>/ayo”  . 

If  t  "  a  0,  this  equation  becomes  the  %ifell-lcnown  pendulum 
equation.  If  'a'  is  not  zero,  the  equation  represents  the 
motion  of  a  pendulum  with  an  applied  force.  The  presence  of 
the  term,  ecos0||  represents  a  nonlinear  friction  force^ 
which  damps  the  motion  of  the  pendulum  as  long  as  I  0  I  <  2  • 
When  I  0  !  >  I  ,  the  coefficient  of  friction,  e  cos  0  becomes 

negative. 

proceeding  to  an  analytical  solution  of  the  prob¬ 
lem,  it  Is  useful  to  qualitatively  consider  the  operation  of 
the  system  using  the  results  of  a  phase  plane  analysis. 
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If  frequency  ramp  modulation  la  present, 

de 

a  =  constant  . 
de 

To  simplify  the  notation  used,  Is  chosen  equal  to  unity. 

Equation  (2.1.12)  can  be  rewritten  as 

€  cos  <t>  <t>*  ■¥  Sin  0  =  -a  ,  (2.2.1) 

where  0'  =  d0/dT 

and  the  equation  of  constant  phase  Is  therefore. 


where 


(2.2.2) 


If  the  Input  signal,  e^(t),  is  unmodulated  (a  *  0),  a 
phase  plane  analysis  shows  that  locking  will  always  eventually 
occur.  Depending  on  the  Initial  conditions,  locking  will  oc* 
cur  with  the  final  phase  error  0,  2n,  ^n, . . . ,  2nw  .  The  time 
required  for  locking  to  occur  clearly  Increases  as  the  final 
phase  error  Increases. 

It  Is  seen  freak  Bq.  (2.2.1)  that  when  the  system  is 
synchronised  to  an  unmodulated  Input  signal,  the  frequency 
error  Is  sero.  It  has  been  shown^’*  that  the sauciaaim  permiseable 
initial  frequency  error,  n^,  (when  the  initial  phase  error  (^) 
Is  sero)  for  locking  to  occur  (with  a  final  phase  error, 

0  "  0),  Increases  as  the  damping  coefficient,  e  ,  increases. 
This  is  Illustrated  In  Pig.  2.2.  It  %#ould  seem  from  Pig.  2.2 
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LOCKIM  occults  WITH  ^ASC  ERItOltS  2».  4« 


FIG.2.2  magnitude  OF  MAXIMUM  NEGATIVE  FREQUENCY  ERROR  (WITH  AN  INITIAL  PHASE  OF  ZERO) 
FOR  THE  APC  SYSTEM  TO  SYNCHRONIZE  TO  AN  UNMODULATED  SIGNAL.  WITH  A  FINAL 

PHASE  ERROR  OF  ZERO 


that  to  Insure  locking  about  0  «  o,  e  should  be  made  as 
large  as  possible.  The  APC  System,  however,  was  designed  to 
operate  under  conditions  Involving  a  signal  embedded  In  noise. 
As  e  Is  Increased,  the  noise  emanating  from  the  filter  also 
increases.  Thus,  a  compromise  must  be  made. 

As  ’a*  Increases,  the  set  of  Initial  conditions  for 
which  locking  will  occur,  decreases.  From  Eg.  (2.2.1),  It  Is 
seen  that  at  steady  state,  sin  0  «  -a  .  Therefore,  If  a  >  1, 
0  does  not  exist.  To  Insure  locking,  ‘a'  must  be  less  than 
unity.  Even  when  ‘a’  la  less  than  unity,  locking  cannot  al¬ 
ways  be  achieved. 

The  frequency  error  0(t)  Is  given  by, 

0(t)  -  0^(t)  -  0^(t)  .  (2.2.3) 

For  the  case  of  a  frequency  ramp, 

^^(t)  0)^  -I-  at  .  (2.2.4) 

It  Is  seen  that 

i(t)  -  0)^  -  at  .  (2.2.5) 


When  t  »  0  ,  ^(t)  =  0  .  Then,  If  >  0  ,  even  If  i  (t) 

does  not  change  rapidly,  <^(t)  will  eventually  go  through  zero. 

If,  however,  n  ^  0  ,  0  (t)  must  follow  rapidly  and  overtake 

•  2 

0  (t)  to  cause  0(t)  to  go  through  zero.  It  is  apparent 
that  0(t)  going  through  zero  need  not  be  a  sufficient  con¬ 
dition  for  locking  to  occur.  It  Is,  however,  a  necessary  con¬ 
dition. 


Figure  2.3  Is  a  sketch  of  a  phase  portrait  when  e  » 
and  a  r.;  1/4  .  it  is  seen  from  this  figure  that  a  limit  cycle 
of  the  second  kind  exists.  If  the  initial  frequency  error, 

,  is  more  negative  than  the  frequency  of  the  limit  cycle. 
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9 


FIG.  2.3  PHASE  SKETC..  SHOWING  SECOND  ORDER  LIMIT  CYCLE  WHEN  o  = 


locking  will  never  occur.  If,  however,  the  initial  frequen¬ 
cy  error,  ,  lies  above  the  limit  cycle,  locking  will  al¬ 
ways  occur.  In  particular,  if  the  initial  frequency  error  is 
greater  than  locking  will  not  occur  when  the  phase  error, 

0  ,  is  less  than  tt  ,  but  the  system  will  eventually  lock 

As  'a*  increases  the  limit  cycle  becomes  less  negative. 
If,  a  ^  l/2  ,  the  limit  cycle  no  longer  exists.  The  effect 
of  this  on  the  system  performance  is  Illustrated  in  Fig.  2.4 
for  a  <=  >/T/2  .  The  maximum  negative  value  of  (2^  that  will 
allow  locking  has  decreased.  In  addition,  if  ^  ^  *  lock¬ 
ing  still  may  not  occur.  A  typical  divergent  path  is  shown 
for  the  case  .  However,  if  n  is  even  larger  tlian 

Sl^  ,  such  as  possible  that  locking  may  occur 

about  0  ^  .  Thus,  the  frequency  axis  of  the  phase  plane 

(corresponding  to  zero  phase  error)  can  be  broken  into  alter¬ 
nating  "bands.-  If  the  frequency  error  is  more  negative  than 
n.  ,  no  locking  will  occur.  If  the  frequency  error  is  bound- 
ed  by 


(2.2.6) 


the  system  will  synchronize  to  the  input  signal  and  the  re¬ 
sulting  phase  error  will  be 


0  :  -Sin  ^ 

(steady  state) 


JL 

3 


(2.2.7) 


If  the  frequency  error  is  bounded  by  f2g  and  an  upper-bound 


Sl^  ,  so  that. 


S  1  ^n  1 


(2.2.8) 


the  system  will  not  synchronize  to  the  incoming  signal.  If 
the  frequency  is  bounded  by  and  some  upper-bound 
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Fig.  2.4  PHASF  SKfTCH  SHOWING  REGION  OF  LOCK  WHEN 


the  system  will  lock  and  a  resultant  phase  error 


0  ■  -Sin  ^  +  27r 

(steady  state)  ^ 


(2.2.9) 


will  occur. 

When  noise  is  present,  it  can  easily  push  the  frequency 
error  from  a  stable  band  to  an  unstable  band.  Thus,  when  op¬ 
erating  with  noise,  *a<  is  adjusted  to  be  less  than  .  This 
requires  that  the  slope  of  the  frequency  ramp,  a  ,  satisfy 
the  Inequality 

o<|(a>^a)^).  (2.2.10) 


This  result  is  significant  in  as  much  as  it  sets  a  loiiier  bcund 

on  a>  0)  In  Chapter  4,  it  will  be  shown  that  (o_a)  should 
an  an 

be  reduced  in  order  to  reduce  phase  jitter  in  the  output,  e^  . 
Equation  (2.2.10)  therefore  limits  the  amount  by  which  the 
phase  Jitter  can  be  decreased. 

It  is  also  of  interest  to  determine  the  time  required 
for  the  system  to  lock,  given  a  set  of  initial  conditions. 

To  determine  the  time  required  to  move  between  two  points  on 
a  path  in  the  phase  plane,  the  equation  of  the  path  is  requir¬ 
ed.  In  any  given  problem,  an  approKimate  path  can  be  found,** * 
and  the  time,  t  ,  can  be  found** •* 

X  ^  ^  ■  (2.2.11) 

ab  ^  0* 

As  previously  noted,  if  a  »=  e  *  0,  Bq.  (2.2.1)  reduces 
to  the  pendulum  equation.  In  this  case,  the  equation  of  con¬ 
stant  phase  Bq.  (2.2.2)  can  be  integrated.  If,  when  0-0, 
♦'(0)  -  »  0’  becomes 

«•  .  yn»  -  4  .ln»(f)  (2.2.12) 

n 
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and 


The  time,  t  ,  that  It  takas  a  pendulum  to  move 
i8»-^ 


(2.2.13) 


Of  a  cycle 


T  -  K(k*) 

(2.2.14) 

where 

K(k*)  is  the  complete  elliptic  integral  of 

the  first 

kind. 

When  <  2  , 

k»  -  •!>>*(%*)  . 

(2.2.15) 

If  0^„  <  128°,  then  1  1  <  1.8  .  The  time,  T  , 

inaX  ^  n 

(in  seconds) 

required  by  the  pendulum  to  complete  a  full  period  is  bounded 
by 

27r  <  T  <  9  .  (2.2.  l6) 

^  ®  ai  ^ 


When  >  2  ,  the  motion  of  the  pendulum  Is  no  longer 
bounded.  The  pendulum  now  continually  rotates  In  one  direc¬ 
tion.  If  some  damping  were  present,  the  path  of  the  pendulum 
would  be  perturbed,  and  the  pendulum  would  rotate  until,  when 
0  r  2n7T  ,  the  velocity  of  the  pendulum,  became  less  than 
two . 

The  concept  of  perturbing  the  motion  of  the  pendulum  by 
a  friction  force  and  an  applied  force  will  be  discussed  in  de¬ 
tail  in  the  following  section. 

2.3  A  Perturbation  Solution* 

The  equation  describing  the  APC  System  can  be  rewritten 
in  the  form: 


0"  -»■  Sin  0  »  -ecos  0  0'  -  ae^ 


(2.3.1) 
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If  e  and  'a*  are  each  lees  than  unity,  a  solution  using 
the  perturbation  technique  can  be  found.  For  locking  to  oc¬ 
cur,  It  was  previously  shown  that  'a*  should  be  less  than 
.  NO  such  fundamental  restriction  on  e  exists .  As  pre¬ 
viously  discussed,  e  should  not  be  too  large  as  It  Increases 
the  noise  In  the  system.  Although  choosing  e  less  than 
unity  restricts  the  range  of  usefulness  of  the  solution,  the 
solution  obtained  using  the  perturbation  technique  Is  valid 
even  when  the  phase  error,  0(t),  and  the  frequency  error 
01 (t)  are  large.  This  should  be  contrasted  to  the  results 
that  can  be  obtained  using  a  linear  analysis,^**  where,  al¬ 
though  e  can  take  on  any  value,  the  solution  Is  restricted 
to  small  values  of  0(t).* 

A  solution  to  Bq.  (2.3*1)  can  be  written  in  the  formt 


0(t)  »  +  €  ♦^(t)  +  a  ♦^(t)  +  0  (6®,a*,€a)  .  (2.3.2) 

Substituting  Bq.  (2.3.2)  into  Bq.  (2.3.1)  ^nd  neglecting  sec 
ond  order  terms,  we  gets 


+  sin  »  0 
o  o 


<*>•  + 
1 


sin 

_ q 


X 


,  T 

♦  •  i  O  O 

O  O 


and 


4»'  + 
a 


sin 

_ 2  « 

%  « 


(2.3.3) 

(2.3.4) 


(2.3.5) 


*  See  Appendix  A. 
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Without  any  lost  of  gonarallty,  tha  solution  to  Iq.  (2.3.1) 
can  ba  almpllflad  If  tha  initial  conditions  arat 


^(o)  .  0  -  ♦jj(o)  (2.3.6) 

and 

0»(o)  -  -  ♦^(o)  (2.3.7) 

and  ♦  (o)  •  ♦  (o)  ■  (o)  ■«  ♦'(o)  ■  0  (2.3.8) 

ISIS 

when  .  (2.3.9) 


Equation  (2.3.3)  is  tha  aquation  of  a  pandulun  having 
an  initial  valocity,  ,  but  no  initial  displacasiant.  Xs 
saan  praviously,  to  kaap  tha  motion  of  tha  pandulum  boundad^ 
i.a., 

•tr  <  <  T  (2.3.10) 

the  initial  velocity  of  tha  pandulum,  ,  is 

I  ^^(o)  I  »  I  ftjj  I  ^  2  .  (2.3.11) 

The  solution  to  Bq.  (2.3.3)  !•  qlvan  by 

■  2  sin  sn*^  .  (2.3.12) 

Equation  (2.3.^)»  X*!-  (2.3.5)  and  tha  differential  aquations 
resulting  from  second-order  terms,  are  all  first-order  linear 
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differential  equations^  with  time  varying  coefficients.  The 
solution  to  this  type  of  equation  Is  well  known. 

The  phase  error,  0(t)  ,  Is  then 


0(t)  =  2  sin 


-1 


(>/k*snT) 


(2.3.13) 


fl  -  +  (Sk^  -  l^EfamT.k^l  4  2k*snTcnTdnT 


r 

■ 


cn®T 


*  “A/.—  1 

/sin  (Vk^  snul—S - du| 

o _ 1 _  AV _  ' 


cn*x 


4  0(e*,a*,€a) 


where  E(amT,  k®)  Is  the  elliptic  Integral  of  the  second 
klnd.*-^° 


The  elliptic  functions  snT 
and  can  be  represented  by  a  Fourier 


and  cnT  are  periodic 
series. 


snT 


n/P  K(k*) 


-ft  4 

1  -  q 


1  -  q® 


1  -  q® 


J 


and 


2  TT  rcg8_x  ^  q  cos,  ...  co®  5K  4.  , .  (2.3.15) 

■/P''K(k®)Li  +  q  1  +  q®  1  +  q® 


where 


and 


If  cnT  Is  approximated  by  the  first  term  In  the  series, 
0(t)  can  be  easily  determined. 
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2'3  1  T])£. ■Rft«P9Pf  tP  >  ?r»qu<ncv  namp  Modulafd  Signal 

If  ^  o£  a  frequency  ramp),  the  com¬ 

plete  solution  is 


0(t)  ~  +  2  sin  snx) 


(2.3.16) 


+(»•  -  D’Hqir*  '’'  (jk  ‘•n  §  +  <■»  I  CO.  g  i) 

-(»•  -  l)2l£Uft-al  I  CO.  g  I 


-2  iJ  ‘tvT — .y 

ViP'd  +  q)^ 


2  tn  I  COS  II I 


-a^ 


2ir®q 


cnt 


tan  H  sin 


'^(211  .  nx 

^K(l  -  q)  2K 


I 


4  4n 


27r  ^/T  7TT  .  r.  471*^0  _■  aTTT' 

Jl  -  q)  K^tl  -  q)«  •^"^2K 


1,  I  gTT.VT, 

K(1  -  q) 


where  0  <  t  <  K(k®)  . 

It  is  seen  that  is  a  parameter  of  Bq.  (2.3.16).  As 

the  system  locks,  this  parameter  decreases,  as  does  the  maxi- 
imun  value  of  the  lAiase  error,  ,  and  the  maximum  frequen¬ 

cy  error.  Therefore,  %dien  using  Bq.  (2.3.16),  a  new  set  of 
initial  conditions  must  he  chosen  whenever  the  phase  error 
becomes  equal  to  sero.  For  example,  consider  that  at  time. 
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,  the  phase  error  became  sero.  Then  the  frequency  error 
at  time,  ,  is  .  This  frequency  error  can  be  determin¬ 
ed  either  by  differentiating  Bq.  (2.3.16),  or  graphically. 

It  was  found  that  an  estimate  of  obtained  graphically  by 

approximating  byt 


a 


n  dT 


(2.3.17) 


yielded  satisfactory  results.  Knowing  can  be  deter¬ 

mined  from  the  relation! 


(2.3.18) 


when  >  0  ,  is  positive.  <*»^(t)  ,  representing  the 

friction  term,  always  opposes  the  motion  of  ®^(t)  (the  pendu¬ 
lum  term)  and  is  therefore  negative.  When  ^ 
negative,  <I>^(t)  is  now  positive.  Thus,  the  signs  preceding 

and  <I>  alternate  as  shown  in  Bq.  (2.3.16).  ♦^(t)  main- 

o  1  « 

tains  the  same  sign  since  it  represents  the  slope  of  the  fre¬ 
quency  ramp. 

Equation  (2.3.16)  reduces  to  the  expression  obtained 
using  the  simple  linearization  procedure  as  the  maximum  phase 
error  becomes  small.  At  steady  state  0(»)  approaches  i-a*  . 

The  solution  for  the  case  of  a  frequency  ramp  modulated 
signal  is  shown  in  Pig.  2.5  1**  this  example  the  parameters 

chosen  were i 

a  =  0.157  #  €  0.25  >  (2.3.19) 

=  n  =  1.6  ,  when  0(o)  =  0  .  (2.3.20) 


and 


dT 
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Phase  (PAC.A^Sl 


An  interesting  characteristic  of  the  perturbation  solution,  as 
seen  in  Fig.  2.3  is  that  not  only  does  the  period  decrease  with 
time,  T  ,  but  the  negative  half  cycle  takes  longer  to  complete 
than  does  the  preceding  positive  half  cycle.  The  reason  for 
this  is  that  on  the  positive  half  cycle  0^^  <  ^  .  The  co¬ 
efficient  of  friction,  e  cos  4>  ,  although  small,  is  still 
positive.  During  the  negative  half  cycle,  due  to  the  offset 
caused  by  the  frequency  ramp,  the  friction  term  has  less  ef¬ 
fect  on  the  result.  In  this  example,  |  l>  ^  »  and  the 

friction  term  is  actually  negative  over  part  of  the  negative 
half  cycle.  Thus,  the  time. to-^omplete  the  negative  portion 
of  the  cycle  is  increased. 

As  the  magnitude  of  the  phase  error  decreases  the  per¬ 
turbation  technique  yields  results  similar  to  those  obtained 
using  the  simple  linear  analysis. 

Although  the  perturbation  technique  yields  more  accurate 
results  than  the  linear  analysis  it  is  somewhat  more  difficult 
to  use,  A  simple  technique,  which  takes  into  account  the  pos¬ 
sibility  of  negative  damping,  has  also  been  investigated.  This 
is  a  piecewise-linear  analysis  and  is  here  described. 

2.4  A  Piecewise-Linear  Solution 

A  piecewise-linear  solution  was  obtained  using  the  ap¬ 
proximation  shown  in  Fig.  2.6.  Using  this  solution  the  ef¬ 
fects  of  various  types  of  frequency  modulation  were  investi¬ 
gated.  In  addition,  the  maximum  initial  frequency  error,  to 
achieve  locking,  was  determined.  This  result  is  most  impor¬ 
tant  when  a  0  ,  since  when  a  =  0  the  APC  System  will 
eventually  synchronize  to  the  input  signal. 

Rewriting  Eq.  (2.2.1)  for  convenience. 
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PIECE. VISE  LINEAR  APPROXIMATION 


and  using  Fig.  2.6,  the  piecewise -linear  equations  become t 


and 


Equation  (2.4.1)  and  Bq.  (2.4.2)  can  be  normalised, 
malized  equations  aret 


and 


TT 


dv 


30- 


(2.4.1) 


5 

(2.4.2) 


The  nor- 


(2.4.3) 


I  (2.4.4) 


2.4.1  Th«  R»»Pon«e  to  a  Frequancv  Ramp 

Using  the  case  of  ramp  modulation,  a  comparison  was 
made  betinreen  the  results  obtained  using  the  perturbation 
plecewlse-llnear,  and  simple-linear  techniques.  In  this  ex¬ 
ample,  the  parameters  chosen  weret 

a  -  0.157,  €  -  0.25 


and 


-  Ojj  ■  1.6  ,  when  0(o) 
0  ® 


0  . 


The  plecewlse-llnear  solution  for  this  case  1st 


0(t)  »  e 

(2.4.5) 

and 


0(t) 


C.88t  -0.72^ 

Be  3  e 

a 


n(l 


(2.4.6) 


The  constants,  a  ,  a  ,3  and  3_  can  be  evaluated  using  the 

12  12 

initial  conditions  and  the  boundary  conditions.  The  simple- 
linear  solution  for  this  case  Is 


0(t)  =  e  ^("y^  ®®*  "Yg  ”  ®*^57  *  (2.4.7) 

A  comparison  of  Bq.  (2.4.5)  and  Eg.  (2.4.7)  ^evMls  that  the 
frequency  of  the  plecewlse-llnear  solution  is  J  ^  times  the 
frequency  of  the  siaqple-linear  solution.  In  addition  the  soIu> 
tion  obtained  using  the  single— linear  tedinlque  has  greater  damping 
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than  the  result  given  by  Eq.  (2.4.5)  for  the  piecewise-linear 
approximation. 

These  differences  are  illustrated  in  Pig.  2.5  which 
compares  the  results  obtained  using  the  perturbation,  piece- 
wise-linear,  and  the  simple -linear  solutions.  It  is  clear, 
from  this  figure  that  the  piecewise-linear  solution  is  a  bet¬ 
ter  approximation  of  the  perturbation  solution  than  the  simple 
linear  solution. 

2.4.2  Initial  Conditions  Required  to  Insure  Locking 

Using  Eq.  (2.4.4),  the  necessary  and  sufficient  condi¬ 
tions  for  an  APC  System  to  synchronize  (loch)  to  a  frequency 
ramp  modulated  signal  can  be  shown  to  bet 


^  ^  2  (underdamped) 


«  2  (critically  damped) 


,  y  2  (overdamped) 

(2.4.8) 


when 


0  s  ^  radians 


and  where 


a  <  1 


(2.4.9) 


The  result  obtained  using  the  piecewise-linear  solution 
Eq.  (2.4.8)  is  compared  with  the  result  obtained  graphically 
from  a  set  of  phase  portraits®*^®  in  Pig.  2.7.  It  is  seen 
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3  3 


!• 


aAtlV03N  IVIIINI  MHMIXVM 


from  this  figure  that  when  the  initial  phase  error  is  -  ^ 
radians,  the  maximum  frequency  error  (for  locking  to  occur) 
decreases  as  the  normalized  damping  coefficient,  ,  Increas¬ 
es.  This  Is  uue  to  the  fact  that  when  the  phase  error,  0  , 
becomes  more  negative  than  -  ^  radians,  the  damping  force 
becomes  negative.  This  negative  damping  force  makes  locking 
more  difficult.  However,  locking  Is  still  possible  when  the 
phase  error  exceeds  -  ^  radians. 

The  result  obtained  using  a  phase  plane  analysis  Is 
similar  to  the  result  obtained  using  the  plecewlse-llnear 
technique.  The  approximation  of  a  constant  coefficient  of 
damping  In  the  plecewlse-linear  analysis  results  In  the  dif¬ 
ferences  between  the  two  curves.  These  results  should  be 
contrasted  to  the  result  obtained  from  a  simple  linear  analy¬ 
sis.  Using  the  simple  linear  analysis.  It  can  be  shown  that 
locking  will  always  occur;  a  result  which  is  obviously  incor¬ 
rect  when  a  ^  0.  (it  is  noted  however,  that  the  simple  linear 
analysis  Is  only  valid  for  small  phase  errors.  It  should  not 
be  used  to  discuss  locking  phenomenon,  which  requires  a  know¬ 
ledge  of  the  systems*  response  when  the  phase  error  Is  large). 

2.4.3  The  Response  to  an  PM  Signal 

The  plecewlse-linear  solution  can  also  be  used  to  ob¬ 
tain  the  response  of  the  APC  System  to  an  arbitrary  frequency 
modulated  signal.  To  illustrate  this,  consider  a  sinusoidal¬ 
ly  phase  modulated  signal, 

«  (t)  »  sin  ({0  t  -  A  sin  co^t)  .  (2.4.10) 

c  ^ 


Then 


0+  “n« 


cos 


^  dt  **■  “^a®n  ^ 


-A 


Sin  (o^t 
m 


(2.4.11) 
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and 


+  £  co«  ♦  +  .in  ♦  .  •  (S.^.l*) 


The  plecewlae-llnear  equatlona  become t 


(2.4.13) 


and 


(2.4.14) 


Equations  (2.4.13)  and  Bq.  (2.4.14)  are  linear  and  can 
easily  be  solved.  If  the  modulation  was  not  sinusoidal,  but 
was  some  periodic  function,  the  phase  error,  0(t),  could  be  de 
termined  using  superposition.  If0(t)  is  to  represent  the  re 
suit  of  a  demodulation,  then  I  ^  I  ^  2  *  amplitude  of 

0(t)  roust  be  independent  of  .  Solving  Bq.  (2.4.13),  the 
steady  state  phase  error  becomes t 


^(t), 

(steady  static 

where 


Sin  oj^t  +  i-j 


cos  CDut 
mj 

(2.4.15) 


(2.4.16) 
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and 


It  18  seen  that  If 

6*  >  >  1 

and 

6*  >  > 


(2.4.17) 


(2.4.18) 

(2.4.19) 


the  steady  state  phase  error,  0(t)  ,  will  faithfully  repro¬ 
duce  the  Input  phase  modulation.  In  this  case 


0(t)  B  A  sin  u>  t  .  (2.4.20) 

steady  state 


Using  a  simple  linear  analysis  the  steady  state  response 
of  the  APC  System  to  a  phase  modulated  signal 

e  (t)  B  sin  (a>  t  -  A  sin  u^t)  (2.4.21) 

C  X 


l8 


0(t) 


steady  state 


sin  (D^t  +  . 
m  6 


'trr  cos 

(2.4.22) 


•3 


(2.4.23) 


(2.4.24) 
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Thus,  it  is  seen  that  similar  results  are  obtained  using  the 
simple  linear  technique. 

In  order  that  the  APC  System  perform  as  a  phase  demod¬ 
ulator  Eq.  (2.4.18)  and  Bq.  (2.4.19)  must  be  satisfied.  Equa¬ 
tion  (2.4.18)  requires  that  the  modulation  frequency 

(2.4.25) 

where  is  the  effective  coefficient  of  integration  of 

the  phase  lag.tf liter.  Equation  (2.4.19)  requires  that 

a3^„>>to„C  (2.4.26) 

where  u)^  C  represents  the  effective  coefficient  of  damping 
of  the  filter 

If  in  steady  state  operation,  0(t)  exceeds  ^  (this  oc¬ 
curs  if  A  >  ^  ,  the  phase  error  0(t)  becomes  distorted  and 
no  longer  faithfully  reproduces  the  input  modulation.  Although 
Bq.  (2.4.20)  shows  that  it  is  possible  for  0(t)  to  be  pro¬ 
portional  to  the  modulation,  the  voltage,  e^(t),  is  proportional 
to  the  sin  0  not  0  .  Then 

e^(t)  a  0^  sin  ^A  sin  <0^^  (2.4.27) 

Expanding  in  a  Fourier  series,  Bq.  (2.4.27)  beconesi 
e^(t)  -  20^J^(A)sin  (o^t  +  2G^J^(A)sin  3  ci^t  +  ... 

If  A  >  1  ,  the  error  in  making  the  approximation 
e^(t)  2  ao^j^(A)sin  (i)„t 

is  greater  than  10  per  cent. 


(2.4.28) 


(2.4.29) 
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It  is  seen  from  the  above  results  that  the  APC  System 
studied  can  be  used  as  an  PN  receiver  If  the  modulation  In¬ 
dex  Is  small  (narrow-band  FN) .  An  advantage  of  this  type  of 
receiver  Is  that  It  can  be  used  to  comnunlcate  with  an  accel¬ 
erating  satellite. 
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Chapter  3 


THE  RBSPOMSB  OF  AM  APC  SYSTEM  TO  MARROW-BAND  GAUSSIAN  NOI8»» 


3.1  Suirmarv 

In  this  chapter  the  response  of  an  APC  System  to  narrow 
band  Gaussian  noise,  is  determined.  It  is  shown  that  the  in¬ 
put  noise  and  the  phase  jitter  present  in  the  voltage  con¬ 
trolled  oscillator  are  uncorrelated.  It  is  also  shown  that 
the  statistics  describing  the  output  of  the  active  phase  lag 
filter,  e^(t),  are  nonstationary.  To  determine  the  statistics 
of  the  difference  frequency  voltage,  the  outpu":  vol¬ 

tage,  e^(t),  and  the  phase  jitter,  0g(t),  an  Iteration  tech¬ 
nique  is  employed. 

3.2  The  Iteration  Technique^ ‘ 

The  iteration  technique  used  in  this  analysis  can  be 
explained  using  Pig.  3.1»  m  order  to  obtain  a  first  approxi¬ 
mation  of  the  solution,  the  phase  Jitter  present  in  the  output 
of  the  VCO  is  neglected.  Then 

e  $;)«  cos  CD  t  .  (3.2.1) 

Vo  « 


The  first  approximation  of  the  statistics  of  the  difference 
frequency  voltage,  e^(t)can  be  determined  once  the  statistics 
of  the  noise  are  specified.  Having  determined  e^  (t),  the  sta 
tistics  of  eo  (t)  can  be  calculated,  since  e^Ct)  an^  e^(t)  are 
related  by  the^^transfer  function  of  the  active  phase  lag  fil- 


*  Appendix  B. 
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FIG.  3.1  THE  INrTIAL  ITERATION 


ter.  Since  the  phase  lag  filter  involves  an  integration,  the 
statistics  of  ej[t)will  be  nonstationary.  The  first  approxi¬ 
mation  of  the  output  phase  Jitter,  S.  (t)  is  then 

1 

t 

Qa  /  ®o  •  (3.2.2) 

1  o  1 

using  successive  iterations,  as  illustrated  in  Fig.  3.2,  the 
statistics  of  e^W,  e^^Ct^  and  S^Jt)  can  be  determined. 

3.3  characterization  of  the  Input  Hoise 

The  results  obtained  below  refer  to  an  input  consisting 
of  narrow-band  Gaussian  noise.  The  noise  is  derived  by  pass¬ 
ing  white  Gaussian  noise  through  a  single  tuned  IP  filter, 
having  a  center  frequency,  ci>^  ,  and  a  bandwidth,  a  .  The 
noise  emanating  from  this  filter  has  an  autocorrelation  func¬ 
tion  given  byt 

-o  I  t|  /■»  ■»  1  n 

R  ( T )  “  0*  e  cos  (D^ T 


and  an  expected  value 


B(H(t))  =  0  . 

The  noise,  H(t)  ,  can  be  represented  by*’® 
H(t)  x(t)cos  (D^t  -  E(t)sin  (o^t 


(3.3.2) 


(3.3.3) 


where 


B(x(t))  =»  B(z(t))  ”  0 


(3.3.^) 
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FIG.  3  2  the  (i  +  l)  ITERATION 


The  randcMR  varlablee  x(t)  and  z(t)  are  uncorrelated,  and, 

-a|T( 

R^(t)  «  R^(t)  -  qj  e  .  (3.3.5) 

The  spectral  density  of  x  and  z  are  thent 

o®  a 

"  (qP  'if  qg  •  (3.3.6) 

3.4  The  First  Iteration 

To  obtain  the  first  iteration,  we  assume  that  there  is 
no  phase  jitter  present  in  the  VCO  (i.e.,  6^  ■  0).  The  out¬ 

put  voltage  of  the  VCO  (Fig.  3.1)  la  then  ^ 

eJH  ■  cos  ^^t  (3.4.1) 

o 

The  output  voltage  of  the  multiplier,  e,^  (t)»  is 


e,^  (t)  ■  O^x(t)  .f  Q^(x(t)cos  2  a>^t  -  a(t)sln  2  co^t) .  (3.4.2) 


The  voltage,  e^  (t),  is  then  passed  through  an  RC  low-pass 

filter.  The  bandwidth,  w  ,  of  this  filter  is  much  less  than 

o 

the  second  harmonic  frequency,  2(i)  Therefore,  in  the  ex- 

s 

presslon  (Stained  for  the  difference  frequency  voltage, 

(^)«  components  of  {t)  due  to  the  second  harmonic, 
2(0^  ,  can  be  neglected,  (in  ^he  experimental  model  a  filter 
trap  is  Inserted  to  further  reduce  the  components  due  to  the 
second  harmonic.)  Hence,  to  a  first  approximation,  the  difference 
frequency  voltage,  B^(a>),  is 


(3.4.3) 
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Equation  (3 •^•3}  could  also  have  been  obtained  If  we  had  as¬ 
sumed  that  the  "multiplier"  consisted  of  a  multiplier,  and  an 
Ideal  low-pass  filter  which  has  a  gain  of  unity  at  frequen¬ 
cies  below  2u>2  ,  and  provides  Infinite  attenuation  to  all 
frequencies  at  and  above  the  second  harmonic.  Then  the  mul¬ 
tiplier  output  Is  simply 

®m  •  (3.4.4) 

Equation  (3,4  3)  Immediately  follows.  Thus,  the  same  result 
for  the  difference  frequency  voltage  (Eq.  (3.4.3))  Is  obtain¬ 
ed  whether  the  second  harmonic  components  are  neglected  at 
the  output  of  the  multiplier  (yielding  Eq.  (3.4.4))  or  at  the 
output  of  the  RC  low-pass  filter  (in  which  case  the  output  of 
the  multiplier  Is  given  by  Eq.  (3.4.2)).  To  simplify  the  al¬ 
gebraic  manipulation  required.  It  Is  found  useful  to  assume 
the  presence  of  the  Ideal  low-pass  filter,  and  use  Eq.  (3*4.4) 
as  the  output  of  the  multiplier  rather  than  Eq.  (3.4  2). 

using  Eq  (3.4.4)  It  is  seen  that  the  first  approxima¬ 
tion  of  the  output  of  the  multiplier  Is  Gaussian  with  mean 
zero,  has  an  autocorrelation  function 

-a  (tI 

R  (t)  =  G®  e 
e  '  '  in 
m 

1 

and  a  spectral  density 

G®  c®  o 

Se  '  J  + 

m 


(3.4.5) 


(3.4*6) 
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I 


A  first  approximation  of  the  apactral  density  of  the  differ¬ 
ence  frequency  voltage  is  then 


8,  {a>) 

•d 

1 


0*  0*  a 

-1— 

<0*  +  o* 


(3.4,7) 


Since  the  bandwidth  of  the  RC  filter,  0)^  ,  is  much  less  than 
the  bandwidth  of  the  XF  filter,  a  ,  Bq.  (3.4.7)  can  be  sim¬ 
plified  t 


8  (cb) 

•d 

X 


1 


n_ 


or  +  (0, 


(3.4.8) 


The  autocorrelation  function  of  e^(t),  is  thent 

1 


It| 


n 


(3.4.9) 


To  a  first  approximation,  ejj(t)  la  stationary.  The  probability 
density  of  e^(t)  is  Gaussian  with  moan  sero. 

The  statistics  of  e^(t)can  be  found  using  the  relation. 


t  - 

<  e  .(t)  -<»./• 

1  o 


Oji 


-  ^) 


•a  (x)'«' 


(3.4.10) 


Tl»  autoeorr.Ution  function  of  CoW  1»  4"  App«idlx 

B,  and  is  shown  to  bet 
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a)_  0®  0* 
o  n  t 

a 


p 


|t| 


+ 


-  e 


2a>^t 

“a 


")(•  • 


(u. 


Ith 


) 


r(3.4.ii) 


This  equation  clearly  Illustrates  the  nonstationary  character 
of  e^l^.  If  the  time  of  operation  Is  such  that 


t  <  <  A/a>^  , 


Eq .  (3.4.11)  can  be  simplified t 


(3.4.12) 


Since  e^(t)  Is  Gaussian,  eo(t)  Is  also  Gaussian  with  mean  zero. 
The  variance  of  eQ(t),  Is  however,  an  Increasing  function  of 
time.  (The  significance  of  this  result  will  be  shown  In 
Chapter  4  where  the  response  of  an  APC  System  to  a  frequency 
ramp  modulated  signal  embedded  In  noise  Is  discussed, ) 

The  autocorrelation  function  of  the  output  phase  jitter, 
©^(t),  has  also  been  derived  in  Appendix  B.  The  autocorrela¬ 
tion  function  Is 

f)at  [a>aT 

3”  +  *2" 

(3.4.13) 


(t,T) 


gG^G^O 

^  a 


2  r 

-  t  c 


where 

t  <  <  A/cOg  . 


-46- 


Equation  (3  ^*13)  la  seen  to  be  nonstationary.  Since  the 
phase  jitter,  SgW  ,  Is  the  Integral  of  e^^t).  It  too  Is  Gaus¬ 
sian  with  mean  zero. 

3.5  The  Second  Iteration 

To  obtain  a  second  approximation  of  the  output  of  the 
multiplier,  e,„  (t)  ,  the  Input  voltage,  e(,(t)  ,  and  output 
voltage,  e^  (t^  ,  must  be  multiplied  and  passed  through  the 
Ideal  low-pass  filter  (l.e.,  second  haraonlc  components  are 
neglected).  Then, 

(t)  =  G  x(t)cos  0  (t)  -  0  z(t)sin  0  (t)  (3.5.1) 

2  ^  1  a^ 

where 

t  t 

0  (t)  -  -G  C  /  -  G  /  dT)  /  e^  {\)d\  (3.5.2) 

*  o  *  O  O  1 

and 

t  <  <  A/o),  ,  (3.5.3) 

Since  the  difference  frequency  voltage,  ed^(t)  ,  Is  the  re¬ 
sponse  of  an  RC  low-pass  filter  to  noise,  x(t)  , 

®d  "  “o  ^x(^)d^  .  (3.5.^) 

1  ® 

To  determine  the  statistics  of  e,„^(t)  ,  the  expected  value 
of  X02  and  ^  evaluated.  Referring  to  Eq. 

(3.5.2)^and  Bq.  (3^5.4),  and  noting  that  x(t)  and  z(t)  are 
uncorrelated,  it  is  seen  that 
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(3.5.5) 


B(z0  )  e  0  ; 

*1 

The  expected  value  of  xS  is 

B(xS^  )  .  -  <  6^  /  E(x(t).3  ()l))d^ 

1  ®  1 

-  a.,0^  An  Ax  E(x(t).^  (X))  ,  (3.5.6) 

and  the  expected  value  of  x(t)e^  (X)  is 

1 

...  ...  X  ”  v) 

B(x(t)e^  (X))  =  (o^G  /  e  B(x(t)x( v) )dv  .  (3.5.7) 

1  o 

But, 

E{x(t)x(v))  «  R^(|  t  -  V  I  )  «  oj  e  (3.5.8) 

Utilizing  Eg.  (3  5.8)»  E<1.  (3.5*7)  is  easily  integrated,  and 


E(x(t)e,  (X))  ^ 


O® 

Pin 


-at  -co^X  oX 
6  e  °  (e  -  1) 


(3-5.9) 


Substituting  Eq.  (3.5*9) 
yields: 

GGu)  rr® 

®(x(t)0 

2  01 


into  Eq.  (3*5*8)  and  integrating 
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where 


a  >  >  <0^  . 

This  result  is  only  of  interest  When  the  RC  low-pass  filter 
Is  in  steady  state  operation.  Therefore,  letting 

t  >  >  l/a>^  , 


we  find  that 


E(x(t)8^  (t))| 


0  .  (3.5.11) 


o 


Thus,  the  input  noise  and  the  output  phase  Jitter  are  uncor¬ 
related,  and 


E(e^  (t))  «  0  . 
2 


(3.5.12) 


With  the  aid  of  Eq.  (3.5.1)>  (3.5.5)  *9*  (3*5.11)* 

the  autocorrelation  function  of  e^^^  (t)  becomes; 

B 

R  (t,T)  =  G*  E(x(t)x(t  +  T))B(cos  e  (t)cos  9  (t  +  T)) 

*in  ‘  *11 


+  G*  E(z(t)s(t  +  T))E(sin  9  (t)sln  9  (t  +  t)) 
1  *1  1 


(3.5.13) 
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This  expression  can  be  simplified,  yleldlngt 


R  (t,T) 
2 


G*  e 
1  n 


-a  |t  I 


B(cos(d  (t  4  t) 
*1 


e  (t)))  . 

*x 


(3.5.1^) 


It  is  shown  in  Appendix  B  that  given  a  function  f(t)  , 

-i  B(f(t))» 


e(cos  f{t))  «  e 


(3.5.15) 


where  £(t)  is  Gaussian  with  mean  zero.  Thus,  Eq.  (3.5.1^) 
becomes: 


Rg  (t.T)  “  0*0®® 
m 


-a 


I  T  I  -4  0 

a  L 


(t)  +  o|  (t  +  t)  -  2R, 


8^ 


(3.5.16) 


Using  the  results  given  in  Bq.  (3. ^.13)  (t,T)  ,  the 

autocorrelation  function  of  e^j^  (t)  is:  ^ 


Re  (^)  *  < 

n 


I  T  I 


e 


(3.5.17) 


(This  result  is  derived  in  Appendix  B. ) 


3.6  Conclusion 

The  second  approximation  of  the  autocorrelation  func¬ 
tion  of  the  output  of  the  multiplier  (Bq. 
the  same  result  as  the  first  approximation  (Bq.  (3.^.5)). 
Thus,  the  statistics  obtained  for  the  i  Iterat  on  are 
same  as  the  statistics  obtained  for  the  first  Iteration. 
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Hence, 


<^1 


(-f) 


’d 


“ft 

-i  ®t  "S  • 


-“ftl'fl 


(3.6.1) 


“ft  G®  r 

a  ^  C*' 

o  ^ 


-“ft  ll^l 


/CU_  V  <0®  1 


(3.6,2) 


and 


Rg  (t,T)  -  Rg  (t.T) 
®1  »1 


(3.6.3) 


2G^G^o 


>9  ^  ^ 

'  /(o  t  I  a>  T  I V 

^  t  +  C(‘»nt  +  I  a>j^T  I)  +  a>^t^-|-  ^-J--  g 


where 


S^<  <  ‘  <  <  ^  •  (3.6.4) 

o  a 

In  addition.  It  has  been  shown  that  the  Input  and  out¬ 
put  noise  are  uncorrelated.  Consequently,  the  APC  System  re¬ 
sponds  to  noise  as  an  open  loop  system  (Fig.  3.1)*  rather 
than  as  a  closed  loop  system. 
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Chapter  4 


THE  RESPWSE  OF  AN  APC  SYSTEM  TO  AM  FM  SIGMAL  AND  NOISE 

4  1  Introduction 

An  extremely  Important  feature  of  the  APC  System  is  Its 
ability  to  synchronize  to  a  signal  which  is  deeply  embedded 
in  noise,  even  when  the  signal  is  frequency  modulated.  To 
clearly  demonstrate  the  operation  of  this  device,  the  response 
of  the  APC  System  to  a  signal  and  noise  is  obtained  using  the 
linearization  procedure  employed  by  previous  investigators.*'^ 
This  technique  is  valid  only  when  the  S/^  ratio  is  much 
greater  than  unity  and  the  noise  peaks  are  limited. 

It  is  then  attempted  to  extend  these  results  theoreti¬ 
cally  using  an  iteration  technique,  as  in  Chapter  3*  Due  to 
the  complexity  of  the  problem,  the  Iterative  procedure  is  not 
carried  beyond  the  second  iteration  and  nO  convergence  is 
demonstrated.  The  first  iteration,  however,  is  useful  in  pro¬ 
viding  qualitative  results  illustrating  the  effect  of  the  sys¬ 
tem  parameters  on  the  locking  of  the  APC  System  to  a  signal, 
even  when  the  S/N  ratio  is  much  less  than  unity. 

In  the  following  discussion,  it  is  assumed  that  the  in¬ 
put  voltage 


e  (t)  =  S  sin  0  (t)  +  N(t)  .  (4.1.1) 

c  1 

The  input  voltage  was  generated  by  passing  the  Incoming  RP 
signal  (and  noise)  through  a  narrow-band  IP  filter.  The  fil¬ 
ter  had  a  center  frequency,  a>^  rad/sec  ,  which  is  the  initial 
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frequency  of  tho  VCO,  «nd  a  bandwidth,  a  rad  aac.  Tha  input 
noiaa  is  than, 

N(t)  a  x(t)co8  (0  t  -  z(t)ain  o)  t  .  (4.1.2) 

8  8 

Tha  input  signal  is  assumsd  to  ba  unaffactad  by  tha  IP  filtar. 
Bsnea, 


I  0^(t)  -  a)J<  <  a  .  (4.1.3) 

4.2  Tha  Rasponsa  of  a  Linaarisad  APC  Svstaa  to  an  PM 
signal  and  Moisa*** 

I«at  us  assume  tha  input  voltaga  to  bat 

a  (t)  -  8  8in((0  t  4  6  (t))  4(x(t)cos  <d  t  -  s(t)sin  a>^t) 
c  a  1  y  8  8  / 

(4.2.1) 

where  O  (t)  raprasants  tha  phase  modulation.  If  tha  input 
noise  is  limited  and  tha  8/^  ratio  is  much  greater  than 
unity,  Eq.  (4.2.1)  can  ba  simplifiadt* 

a^(t)  -  8  sln(a)^t  4  0^(t)  4  ^[x(t)cos  0^(t)  4  s(t)sin  0^(t)l) 

»  8  sin(0^(t)  4  ^  u(t))  ,  (4.2.2) 

where  ♦^(t)  "  4  9^[t)  , 

u(t)  -  x(t)cos  9jt)  4  s(t)sin  e^(t)  , 

and  |u(t)|<<8  (4.2.3) 

*  8aa  Appendix  C. 
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The  output  of  the  multiplier,  e^(t)  ,  is  then. 

In  '  * 


em(t)  =  S  8in(0^(t)  -  0^(t)  -  ^  u(t))  .  (4.2.4) 

It  is  implicitly  asevuned,  in  Bq.  (4.2.4),  that  the  multiplier 
consists  of  a  multiplier  and  an  ideal  filter,  as  discussed 
in  Chapter  3. 

Equation  (4.2.4)  can  be  linearized  if 

I  0  (t)  -  0  (t)  -  i  u(t)|<  <  1  radian  (4.2.5) 

2  1  S 

This  requirement  implies  that  the  system  is  almost  synchro¬ 
nized  to  the  Incoming  signal,  and  0  (t)  is  perturbed  sllght- 

2 

ly  from  0^(t),  due  to  the  noise,  u(t).  Noting  that 

0  (t)  =  0)  t  +  0,(t)  , 

2  2  2 


and 


0  (t)  =  0)  t  +  0  (t)  , 

1  2  X 


Eq.  (4.2.4)  becomes, 

e  (t)  a  G  S(0  (t)  -  0  (t))  -  G,  u(t)  .  (4.2.6) 

ro'  '  12  X  ^ 


Using  this  result,  the  APC  System  can  be  linearized, 
as  shown  in  Pig.  4.1.  The  response  of  this  linearized  system 
to  a  signal  and  noise  is  then  the  response  to  the  signal  plus 
the  response  to  the  noise.  Therefore, 
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(4.2.7) 


9  (t)  =  0  (t)  4  0  (t) 

*8  *n 


where  0^  (t)  is  the  phase  variation  of  the  VCO,  due  to  the 
signal's  phase  modulation,  0  (t)  0  (t)  is  the  phase 

variation  due  to  the  noise,  u(t)/S  . 

The  response  of  a  linearized  system  to  an  FM  signal 
has  been  discussed  in  Chapter  2  and  Appendix  A,  The  steady 
state  phase  jitter  present  In  the  VCO  is  easily  determined 
using  Pig.  4.1. 


«  (“) 
®n 


^n/  \ 

^\i  i  uftp) 

0)^  /  \  S 

c?  \i  4  j  to/to^y 


(4.2.8) 


This  equation  shows  that  the  linearized  system  responds  as  a 
closed  loop  system  to  the  noise.  This  Is  a  direct  result  of 
the  Initial  assumption  that  the  noise  was  limited. 

Utilizing  Eq.  (4.2.8),  the  spectral  density  of  the 
phase  jitter  at  the  output  of  the  VCO  can  be  obtained  if  the 
spectral  density  of  the  Input  noise  is  known.  Let  us  assume 
that  the  spectral  density  of  the  Input  phase  noise,  u(t),  isi 


Su(«>) 


(4.2.9) 


The  spectral  density  of  the  phase  jitter  due  to  noise 
is  then 


Sg  (n») 


1  - 
1  4  n*)  4  fi 


(4.2.10) 
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wlMr«  a  i»  th«  bandwidth  of  the  if  filter  , 

n*  >  (0^/(0  (0 

A  II 

and 

ft;  -  aV<o,a>^ 

Equation  (4.2.10)  ia  plotted  in  Fig.  4.2  uaing  the  typical 
values 

€  ■  1 

0)^  >  1  rad/eec 

0)^  =  20007:  rad/sec 

a  «  12000?:  rad/sec 
and 

%  "  400?:  rad/sec  ,  and  2000?:  rad/aec  . 

These  results  are  compared  with  the  spectral  density  of  the 
input  phase  noise.  The  phase  jitter  in  the  output  of  the 
VCO  is  much  less  than  the  phase  jitter  in  the  input.  In  ad¬ 
dition,  it  is  seen  from  Fig.  4.2  that  as  Va>_m  increases, 
the  phase  jitter  Increases.  However,  if  the  input  signal  is 
ramp  modulated,  the  slope  of  the  frequency  ramp  must  be  less 
than  4  (<u-0)  )  for  locking  to  occur.  If  the  slope  of  the 

ramp  increases,  (cu.o)  )  must  be  increased.  Thus,  the  amount 

A  n 

of  noise  reduction  that  can  be  obtained  by  adjusting  a>^u>^  , 
depends  directly  on  the  slope  of  the  frequency  ramp  to  be 
tracked. 

The  noise  can  also  be  reduced  by  reducing  the  normal¬ 
ized  coefficient  of  damping,  e  .  Equation  (4.2.10)  shows 
that  as  e  is  decreased,  the  spectral  density  of  the  phase 
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FIG.  4.2  COMPARISON  OF  INPUT  AND  OUTPUT  PHASE  JITTER 


jitter  also  decreases.  During  locking,  e  should  be  criti¬ 
cally  damped  to  assure  locking  in  the  shortest  possible  time. 
However,  after  locking  (steady  state),  e  could  be  reduced 
in  order  to  reduce  the  noise. 

4.3  The  Iteration  Technique* 

The  Iterative  procedure  employed  is  similar  to  the 
technique  used  in  Chapter  3.  The  input  voltage  is 

e  (t)  •  S  sin  0  (t)  +  {x(t)cos  a>  t  -  s(t)sin  co  t)  .  (4.3.1) 

C  1  8  8 

The  output  of  the  VCO  is  initially  assumed  to  be  noise  free. 
Thus, 


e  (t)  »  cos  ♦  (t)  »  cos((o  t  4  B  (t)) 


(4.3.2) 


The  first  approximation  of  the  output  voltage  of  the  multi¬ 
plier,  e,ft  (t)  ,  is  then 


(t)  -  08  sin  0(t)  4  O  «o(^) 
in  1  i  ^ 


(4.3.3) 


where 


0(t)  **  ^  (t)  -  ^  (t) 

Srt  * 


and 


u^(t)r-  x(t)cos  0^  (t)  4  *(t)sin  0^^(t)  . 


(4.3.4) 


*  See  Appendix  D. 
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The  statistics  of  the  noise  are  derived  in  Appendix  0. 

It  is  shovm  that  u^(t)  is  Gaussian  distributed  with  a  zero 
mean.  The  autocorrelation  function  of  u  (t)  is 

O'  ' 

-a  ItI 

V(t)=.oJ.  ,  (4.3.5) 

o 

a  result  identical  to  Bq.  (3.4.5). 

The  multiplier  voltage,  ejj^(t),  can  be  written  ast 

1 

^  ^s  .  *-n 

where  , 

e^  (t)  »  G^S  sin  0(t)«  is  the  response  to  an 
^s  PM  signal  (Chapter  2), 

and 

e  (t)  e  G  u^(t),  is  the  response  to  narrow 
^n  band  noise. 

The  first  approximation  of  the  output  phase  of  the 
VCO  is  then, 

0  ^  t)  «  o)  t  +  0  (t)  +  9  (t)  (4.3.7) 

^  n 

where 

0  (t)  =  0  (t),  is  the  output  phase  due  to 

*s  8 

an  input  signal, 

and 

9  It)  is  the  phase  jitter  due  to  noise,  (Chapter  3)» 

2. 
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I£  the  output  ;>haee  of  the  VCO  due  to  the  eignal,  (t)  , 
is  much  greater  than  tha  phase  jitter,  9^  (t)  ,  Bq.°®(4.3.7) 

can  be  written  aa,  ^n 


<f>  (t) 

*1 


0)  t  +  d  (t)  +  d  (t)  at  0)  t  +  (t)  -  0  (t)  . 


‘n 


(4.3.8) 


When  Eq.  (4.3.8)  la  valid,  the  iteration  technique  appears 
to  converge.  Ho««ever,  In  order  to  rigorously  demonstrate 
convergence,  Bq.  (4.3.7)  should  be  used  and  a  second  itera¬ 
tion  taken.  This  was  not  attempted. 


using  Bq  (4.3.7),  a  6/a  ratio  of  the  output  phase 
can  be  defined  as: 


e  (t) 


(output  phase) 


(4.3^9) 


When  the  output  S/kl  ratio  given  in  Eq.  (4.3.9)  ™“ch 
greater  than  unity,  the  approaciraation  made  in  Bq.  (4.3.8)  i» 
valid  We  would  then  expect  the  system  to  have  a  high  proba¬ 
bility  of  locking,  since  the  phase  jitter  will  only  act  as 
a  slight  perturbation  of  the  output  phase.  The  output  phase 
9 2  (t)  can  be  expressed  in  terms  of  the  input  phase  modu¬ 

lation,  since, 

0(t)  «  0  (t)  -  0  (t)  -  (o)  t  -f  9  (t))  -  (a>^t  +  e^(t))  . 

(4.3.10) 


Therefore, 


9  (t)  »  0(t)  +  0  (t)  -  nt 


(4.3.11) 


-6l" 


whara 


ft  ■  <0 

a 


X 


The  normalized  standard  deviation  of  the  phase  jitter  is  de¬ 
rived  in  Appendix  Ds 


where 

T  *=  t  . 

a  n 


The  effect  of  the  input  S/n  ratio  and  the  system 
parameters  on  the  output  S/n  ratio,  can  be  demonstrated 
using  the  following  example:  Consider  a  frequency  ramp  modu¬ 
lated  input  signal  with  an  amplitude  of  10  volts  embedded  in 
noise.  The  rate  of  change  of  the  frequency  modulation  is 
400  rad/sec/sec.  The  APC  loop  is  closed  when  the  initial 
phase  error  is  zero,  and  the  initial  frequency  error  is  2^za^ 
sec.  The  system  parameters  are  chosen  so  that  the  APC  sys¬ 
tem  is  critically  damped.  Then, 


and 


C  =  53  X  10-® 

<o_  =  1  rad/sec 

4257r  rad/sec 

a  =  120001T  rad/sec  . 
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using  Bq.  (2.1.12), 


and 


e  «  2  , 


•  -  0.3  , 

0(o)  -  0 


The  normalized  response,  0(t),  to  the  frequency  ttasp  modulated 
algnal  is  them 


-T  -T 

0(t)  0.3(e  -  1)  +  0.9t  e  .  (4.3.13) 

Equation  (4.3.13)  is  obtained  using  the  slaqple  linear  tech¬ 
nique  (Appendix  a),  which  is  valid  since, 

I  0(t)|  <  0.3  radians  . 

The  normalized  output  phase,  9^^  (t),  and  the  standard 
deviation  of  the  phase  jitter,  Og  (T)f  are  shown  in  Fig.  4.3. 

It  is  seen  from  this  figure,  and  from  Bq.  (4.3.11)  that  the 
standard  deviation  of  the  phase  Jitter  will  exceed 

(  t)  during  some  period  of  time,  since  6^  (t)  becmnss 

ae?8  when. 


0  (t)  »  n  T  -  0(t) 

«k  •• 


(4.3.14) 


If  the  standard  devlatim  of  the 
than  ^  radians  when  it  exceeds 


phase  Jitter  is  much  less 
9  (t),  the  system  will  prob- 

Os 
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FIG.  4.3  COMPARISON  OF  OUTPUT  PHASE  9  (T)  WITH  THE  OUTPUT  PHASE  JITTER 


ably  synchronize  and  remain  synchronized  to  the  Input  signal^  If, 
however,  the  standard  deviation  is  much  greater  than  ^  ra¬ 
dians  when  it  exceeds  6^  (t),  the  system  will  probably  not 

°8 

lock  to  the  signal.  Referring  to  Pig.  4.3,  it  is  seen  that 
when  the  input  N/S  ratio  (o®/S*/2)  is  -20  db,  the  phase 
jitter  is  always  much  less  than  9  (t),  except  for  a  very 

short  period  of  time.  The  standard  deviation  of  the  phase 
jitter  during  this  time  is  much  less  than  ^  radians.  The 
probability  of  the  system  locking  to  the  input  signal  seems 
to  be  quite  high.  This  should  be  compared  to  the  curve  show¬ 
ing  an  input  N/S  ratio  of  +20  db.  The  standard  deviation 
of  the  phase  jitter  is  larger  than  9^  (t),  until  t  =  9. 

The  standard  deviation  is  then  7  radian!.  The  probability  of 
the  system  locking  to  the  input  signal  now  appears  to  be 
small. 

The  maximum  value  of  the  input  n/s  ratio  possible, 

to  still  achieve  locking,  it.  greatly  affected  by  the  choice 

of  V<i)  (0  and  the  normalized  damping  factor,  c  .  It  is  seen 

from  Eq.  (4.3  12)  that  when  is  decreased,  the  phase 

jitter  is  decreased.  However,  a  lower  limit  on  the  value  of 

CO  u)  is  set  by  the  slope  of  the  frequency  ramp, 
a  n 

The  normalized  damping  factor,  e  ,  effects  not  only 
the  standard  deviation  of  the  phase  jitter  (Eq.  (4.3.12)), 
but  the  time  required  for  the  APC  System  to  reach  steady  state 
with  respect  to  the  signal  {<t>  »  -8ln“*‘  a).  It  is  shown  in  the 
next  chapter  that  when  the  system  is  critically  damped,  (e  -  2), 
it  can  tolerate  a  larger  n/S  ratio  than  if  it  were  under 

damped  or  overdamped. 
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Chapter  3 


EXPERIMENTAL  RBSm.Tfi 


5.1  Discussion  of  the  Experimental  Modal 

An  experimental  model  of  the  APC  System  is  shown  in 
Pig.  3. I* 

5.1.1  The  Phase  Detector 

The  Phase  Detector  consists  of  a  multiplier,  employing 
collector  modulation,  and  an  RC  low-pass  filter  used  to  ob¬ 
tain  the  difference  frequency  signal,  e^(t).  A  single-tuned 
circuit  is  also  used  to  eliminate  the  first  harmonic  distor¬ 
tion  from  the  output  of  the  phase  detector.  The  remaining 
distortion  had  a  peaK-to-peak  amplitude  of  less  than  30  mv, 
and  negligible  effect  on  the  results  obtained.  The  amplitude 
of  the  difference  frequency  signal,  e^(t),  was  measured,  and 
found  to  be  0 . 023  S . 

The  input  signal,  e  (t)  ,  is  given  by 
e^(t)  =  S  sin  0^(t)  . 

The  difference  frequency  signal,  e^(t)  ,  can  then  be  written 
ast 


e^(t)  =  +0.025  S  sin(0^  -  0^)  •=  0.025  S  •  (5*^'*2) 


Thus, 


G  •  0.025  .  (5-1-3) 

X 
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PHASE  OCTECTOR 


VOLTAGE 

CONTROLLED  OSCILLATOR 
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ACTIVE 
PHASE  LAO 
FILTER 

«- 

EMITTER 

VCO 

S  SIN^ 

FILTER 

FOLLOWER 

FIQ.  5.1 


experimental  model  of  apc  system 


5. 1.2  The  Active  phase  Lag 

The  phase  lag  filter  employs  a  Philbrick  chopper 
stabilized  amplifier  with  an  open  loop  gain,  A  ,  of 
magnitude  30,000.  The  filter  approximates  the  transfer  func¬ 
tion 


l^"H(p).-c-f  (5.1.4) 

as  long  as 

^  ^  ^  ^  seconds  .  (5.1.5) 

a 

Since  u)^  was  always  chosen  to  be  less  or  equal  to  unity, 
the  filter  is  operational  for  periods  of  time  exceeding  one 
hour.  In  the  time  domain,  the  filter  output,  e^(t), becomes, 

t 

eo(t)=  -  C  G  S  sin  0  -  (1)  G  S  /  sln(X)dk  .  (5.1.6) 

*  ^  o 

The  minus  sign  is  due  to  the  inversion  Inherent  in  the  opera¬ 
tional  amplifier. 

5.1.3  The  Voltage  Controlled  Oscillator  (VCO) 

An  astable  multivibrator  was  used  as  the  VCO.  The  mul¬ 
tivibrator  was  employed  because  of  its  great  versatility.  It 
was  capable  of  being  operated  up  to  a  carrier  frequency  of 
200  kcps.  Tlie  frequency  of  oscillation,  f  ,  of  the  VCO  can 
he  shown  to  be 


f 


_ 1 _ 

2RC  tn(l  +  J) 


(5.1.7) 
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vh«r« 


V  iB  th«  collector  voltage, 

E  is  the  control  voltage  applied  to  each  base, 

and 

RC  is  the  time  constant  o£  the  astable  multivibrator, 
using  a  Taylor  series  expansion, 

*  »  M  “  •  (5.1.8) 

The  sensitivity  of  the  VCO,  ^  ,  can  be  obtained  by  differen¬ 
tiating  Eq.  (5.1.7) 

V 

g  .  2  f*  KC  .  (5.1.9) 

^  +  B 

It  Should  be  noted  that  E  represents  the  "OC”  control  vol¬ 
tage  while  dE  represents  the  variation  of  the  control  vol¬ 
tage  and  is  proportional  to  a^Ct).  In  the  experimental  model, 
the  VCO  had  a  time  constant, 

RC  «-  30  X  lO”^  seconds, 

y 

a  collector  voltage,  V  »  12  , 

and  a  "DC'*  control  voltage,  E  «=  20^, 

so  that  the  initial  frequency  of  oscillation,  f^  »  35  heps. 

The  measured  sensitivity  of  the  emitter  follower- 
estable  multivibrator  combination  %rao  about  85O  cps/volt. 
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using  Bq.  (5.1.9)  and  noting  that  the  emitter  follower  atten¬ 
uates  its  input  signal  (e^).  by  4/9  (see  Pig.  5.1)  the  calcu- 
lated  value  obtained  was  750  cps/volt.  This  verifies  the 

measured  value,  The  sensitivity  of  the  VCO,  G  ,  ie  then 

8 

St  1700  TT  rad/sec/volt  .  (5.1,10) 

The  sensitivity  (loop  gain)  of  the  system, 

0)^  =  G^  S  =  42.5  S  rad/sec  .  (5.1.11) 

5.2  The  Response  of  an  APC  System  to  an  PM  Ramp 
5.2.1  Introduction 

A  frequency  ramp  was  obtained,  using  a  H-P  200  CD  os¬ 
cillator  The  frequency  of  the  oscillator  was  controlled  by 
coupling  the  tuning  shaft  of  the  oscillator  to  a  small,  con¬ 
stant  speed  DC  motor.  A  gear  reducing  system  was  used  to  ob¬ 
tain  frequency  ramps  from  3  cps/sec  to  60  cps/sec.  Although 
the  frequency  dial  on  the  oscillator  is  nonlinear,  a  linear 
variation  was  obtained  over  a  2-kcps  deviation  at  35  kcps, 
which  was  the  center  frequency  used  in  these  experiments. 

(The  total  frequency  range  on  the  scale  is  60  kcps.) 

The  linearity  of  the  ramp  obtained  in  this  manner  can 
be  demonstrated  using  the  APC  System.  When  the  system  is 
locked, 

e  =  0.025  S  sin  <t>  *  0.025  S  a  .  (5.2.1) 

°  (steady  state) 

The  voltage,  e^(t),  is  then 


>(t) 


(steady  state) 


-  (JD  f  St  +  constant 

*  ^  (5.2.2) 
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Tharafor*,  If  tha  algnal  la  ranp  aodulatad,  ahould  ra> 

aambla  iq.  (3.2.2).  Thia  la  danonstratad  In  Pig.  3.2,  which 
la  a  Sanborn  racordlng  of  a^(t)  ahowlng  the  "ataady  atate" 
raaponaa  of  an  JUPC  Syatam  to  an  appllad  fraquancy  ramp  modu> 
latad  algnal. 

To  datarmlna  tha  tranalant  raaponaa  of  tha  ayatem  to  an 
Input  algnal,  tha  difference  frequency  voltage,  e^(t),  waa 
monitored  ualng  the  Sanborn  recorder.  It  ahould  be  noted  that 
e^(t)  la  proportional  to  aln  not  to  the  phaae  error,  0  . 

Figure  3.3  ahowa  the  raaponaa  of  a  allghtly  underdamped- aya¬ 

tem  to  a  frequency  ramp.  The  a lope  of  the  applied  frequency 
ramp  %raa  approximately  I3  cpa/aec.  The  algnal  amplitude,  S, 
waa  20  volta,  ^  -  10"®,  and  rad/aec.  When  t  <  0  , 

the  frequency  error  vraa  too  large  for  locking  to  occur  and 
the  ayatam  "allppad"  In  phaae.  Aa  the  frequency  error  de- 
creaaed.  It  la  aeen  that  the  time  required  for  the  phaae  to 
allp  by  27r  Increaaed.  When  tha  tlam,  t  ,  became  greater 

than  zero,  the  ayatem  atarted  to  lock.  The  maximum  phaae 

error  during  the  locking  cycle  exceeded  ^  ,  caualng  the  ex¬ 
tended  maximum  ahown  In  Pig.  3.3.  Thla  affect  can  be  vlaual- 
Ized  by  referring  to  the  phaae  plane  aketch  ahown  In  Pig.  3*^* 
When  0  ,  the  aln  ^  =  1;  when  0  exceeded  ^  ,  the  aln  0 

became  leaa  than  unity;  and  when  0  again  became  ^  ,  the 
aln  0  again  became  equal  to  unity.  Aa  the  ayatem  la  allght- 

F*  O). 

ly  underdamped  (l.e.,  ^  locked  with  only  a  alight 

overahoot . 

The  ateady  atate  phaae  error  la  proportional  to  the 

alope  of  the  frequency  ramp,  (aln  ^(steady  atate)  = 
la  aeen  from  Pig.  3*3  the  ateady  state  phaae  error  la  not 
at  zero,  but  at  aome  negative  value.  A  rough  calculation 
yielded! 

sin  0  -a  -  -  I  .  (5.2.3) 

(ateady  atate)  ' 
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FIG  5  4  A  PHASE  PLANE  SKETCH,  ILLUSTRATING  THE  LOCKING  OF  THE  APC  SYSTEM  TO  A  FREQUENCY 

ramp  when  the  phase  error  EXCEEDS  RADIANS 


FIG.  5.3  THE  DIFFERENCE  FREQUENCY  SIGNAL,  «<|.  SHOWING  THE  RESPONSE  OF  THE 

ARC  SYSTEM  TO  A  FREQUENCY  RAMP 
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Thus, 


O  .  (42,5  t  .  .ao)(a) 

-•»  1000  rad/sec*  ~  l6  cps/sec  ,  (5.2.4) 

verifying  the  directly  measured  value  of  the  ramp  (15  cpe/eec). 

5.2.2  comparison  of  Experimental  and  Theoretical  Reauita 

To  compare  the  experimental  results  with  the  theoreti¬ 
cal  results  (obtained  using  the  perturbation,  piecewise-linear, 
and  simple  linear  techniques  shown  In  Fig.  2.SK  the  system 
coefficients  i^re  chosen  to  be 

€  »  0.25  (5.2.5) 

and 

a  -  0.157  .  (5.2.6) 

Choosing  a  signal  strength,  8  »  10  volts  and  ■  1  rad/sec, 
a  and  ^  were  calculated* 

a  s  <u_a)_a  «.  33  cps/sec 

0  si 

and 

c  c  =  6.94  X  10*’  . 

n 

Letting  R  r  i#|fj  ,  c  and  R  become 

X  2  2 

C  =-  1  pf 


(5.2.7) 


(5.2.8) 


(5.2.9) 
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The  difference  frequency  signal,  e^  ,  was  recorded  for 
two  cases:  that  of  a  frequency  ramp  with  a  **  0  ,  and  a  fre¬ 
quency  ramp  with  a  =  33  cps/sec.  The  result  obtained  when 
the  input  signal  is  unmodulated  (a  »  0)  is  shown  in  Pig.  5.5. 
The  response  shown  in  the  figure  is  underdamped  as  expected. 
When  the  phase  error  exceeded  J  radians,  the  time  to  com¬ 
plete  a  period  of  the  motion  was  greater  than  when  the  phase 
error  was  much  less  than  ^  radians.  The  time  per  cycle  was 
approximately  0.3  sec,  when  the  phase  error  exceeded  j  ra¬ 
dians  and  was  approximately  0.2  sec  when  the  phase  error  was 
less  than  ^  radians.  When  the  phase  error  became  small, 
the  system  seemed  to  stop  locking,  and  a  continual  phase  Jit¬ 
ter  was  present.  This  phase  jitter  was  inherent  in  the  in¬ 
put  signal  source.  (As  astable  multivibrator,  similar  to  the 
multivibrator  used  as  the  VCO,  was  built  and  used  as  the  in¬ 
put  signal  The  'phase  jitter"  was  greatly  reduced  when  the 
transttorized  multivibrator  was  used.) 

When  one  observes  the  locking  phenomenon,  shown  in  Fig. 
5.5,  it  becomes  apparent  that  a  simple  linear  solution  is  ex¬ 
tremely  restrictive.  Locking  begins  when  the  phase  error  is 
much  greater  than  ^  radians.  (This  is  seen  by  the  dip  in 
the  peak  of  the  curve.  The  dip  indicates  that  ®jj(“ 
becomes  less  than  unity,  and  therefore,  the  phase  error,  0  , 
becomes  greater  than  |  .)  During  the  time  that  it  takes  the 
maximum  phase  error  to  decrease  from  n  radians  to  1  radian, 
the  simple  linear  solution  is  of  little  value. 

The  response  of  the  system  to  a  frequency  ramp  modulat¬ 
ed  signal  (o  m.  33  cps/sec)  is  shown  in  Pig.  5.6.  The  wave- 
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vFW.  5.6  THE  RESPONSE  OF  AN  APC  SYSTEM  TO  A  RAMP  MOOULAi'ED  INPUT  SIGNAL 


FIG.  5.5  the  response  OF  THE  APC  SYSTEM  TO  AN  UNMODULATED  INPUT  SIGNAL 
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£om  i«  proportlon.1  to  th.  .m  ♦,  not  to  the  phase  error, 

♦  .  The  phase  error  ihown  in  tig.  5.7  calculated  using 
Fig.  5.6.  »  coaiparieon  is  aade  in  Table  I  betueen  the  theo¬ 
retical  resulta,  and  the  exparinental  results  Obtained  from 
Pig.  5-7 


TABLE  I 

Averaged  Normalised  Time  (t) 

Per  Cycle 

-m- 

Average  Damping 

Phase  Error 
>  1  Rad 

Phase  Error 
<  1  Rad 

Factor 

Experimental 

10.1 

7.9 

0.051 

Perturbation 

7.8 

7.4 

0.053 

Piecewise- 

Linear 

7.85 

7.85 

0.08 

Simple  Linear 

6.3 

6.3 

0.125 

-roT 

4>{f)  -  e  cos  Pt 


u>  o)  t  =  36  t  radians 
a  n 


Table  I  compares  the  "average  normalized  time,  t  ,  per  cycle 
and  the  "average  damping  factor"  obtained  experiroentally» 
with  the  theoretically  determined  values.  The  "average  damp¬ 
ing  factor"  is  calculated  by  considering  the  phase  error,  0  , 
to  be  approximated  by  a  damped  sinusoid  of  the  form 
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PHASe  ERROR,  (RAOIANSl 


A  -  (00-Z>00*l 


5  7  THE  phase  ERROR  <^{t)  VS  t,  WHEN  THE 


input  signal  is  ramp  modulated 


I 


-mr 

^  e  co8(Pt  +  ^)  . 

using  the  simple  linear  solution,  the  response 
system  to  a  frequency  ramp,  is 

-  ^  T 

0(t)  -  e  2  gos(T  +  *  )  -  a 


where 


c  -  0.25 

a  -  0.157  . 

Therefore,  the  normalized  time  per  cycle  is 

T  m  2ir 

and  the  average  damping  factor  is, 

m  =  ^  ■  0. 125  . 

Using  the  piecewise -linear  solution,  the  phase  error 
0(t)  s  e  cos^y^  ^1)  "  f  * 

where 


e  -  0.25 


and 

a  »  0.157  . 


-8l“ 


(5.2.11) 
of  the 

(5.2.12) 

(5.2.13) 

(5.2.14) 

is 

(5.2.15) 


The  normalized  time  per  cycle  la  then 


T  = 


27r  a  7.85 


(5.2.16) 


and  the  average  damping  factor  is 


m 


0.08  . 


(5.2.17) 


The  time  per  cycle  was  obtained  correctly  from  Pig.  2.5  for 
the  solution  derived  using  the  perturbation  technique.  The 
average  damping  factor  was  obtained  by  calculating  the  rela¬ 
tive  attenuation  of  the  phase  error  between  the  positive 
peaks  shown  in  this  figure.  At  each  peak  0(t)  is  simply 


-mT 

4»(t)  »  «  e  .  (5.2.18) 

Rough  calculations  showed  that 


-1.7m 

0(1.7)  =  <*>2  e  »  1.5 


(5.2.19) 


and 


-9.2m 

0(9.2)  =  0  e  =  1 

2 


(5.2.20) 


Therefore, 


7.5™ 

e  =  1.5 


(5.2.21) 


and 


m  =  0.053 


(5.2.22) 
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The  experimental  results  were  obtained  in  a  similar  manner 
from  Fig.  5  7  The  normalized  time,  t  ,  is 

i  t  “  36  t  .  (5.2.23) 

The  average  damping  factor  is  then  calculatedt 

-36(0A9)m 

0(0.49)  »  ®  e  «  1.28  (  5.2.24) 

3 


and 

-36(0.7)1. 

♦  (0.7)  -  ♦  e  .  0.87  .  (5.2.25) 

3 


Therefore , 


7.56m 

e  «  1.47 


(5.2.26) 


and 


m  -  0-051  .  (5.2.27) 

The  results  given  in  Table  I  clearly  indicate  that  the 
perturbation  technique  approximates  the  experimental  results 
more  closely  than  the  piecewise-linear  or  the  solution  ob 
tained  using  the  simple  linear  approximation.  The  experime 
tal  and  perturbation  results  would  have  checked  even  more 
precisely  if  the  initial  conditions  of  each  would  have  been 
closer.  The  maximum  phase  error  obtained  with  the  perturba¬ 
tion  technique  was  1.6  radians,  while  the  maximum  phase  error 
Obtained  experimentally  was  2  radians.  This  caused  the  slight 
discrepancies  which  occurred  in  the  "time  per  cycle 
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It  should  be  noted,  however,  that  an  excellent  comparison  is 
obtained  in  determining  the  average  damping  factor  m  .  This 
indicates  that  the  time/cycle  does  not  remain  constant  since 
it  is  a  function  of  the  maximum  phase  error.  The  damping 
factor,  however,  does  remain  fairly  constant. 

5  3  The  APC  System  as  a  Phase  Demodulator 

As  mentioned  previously  the  APC  System  can  be  used  as 
an  PM  demodulator,  where  the  demodulated  output  is  propor¬ 
tional  to  the  input  phase  modulation.  It  was  shown  in  Eg. 

(2.4  25)  and  Eg  (2  4.26)  that  in  order  to  obtain  a  good  re¬ 
production  of  the  input  modulating  signal,  the  modulating 
freguency.  ,  had  to  be  greater  than  and  .  To 

verify  these  conditions,  which  determine  the  minimum  funda¬ 
mental  modulation  freguency  that  can  be  used,  a  freguency 
modulated  input  signal  with  an  amplitude,  S  ,  egual  to  30  , 
was  applied  to  the  system,  and  steady  state  established.  The 
resultant  loop  gain  of  the  system  was 

u)^  -  1275  rad/sec  . 

The  modulation  freguency  was  reduced  until  the  demodulated 
output  became  noticeably  distorted. 

Table  II  compares  the  experimental  and  calculated 
values  of  the  minimum  freguencies  for  which  an  undistorted 
demodulation  was  possible.  The  minimum  freguency  possible 
is  seen  to  be  8  cps  and  is  determined  by 
damping  increases.  increases  and  the  minimum  fiind 

freguency  also  increases 

Photographs  were  taken  to  illustrate  the  operation  of^ 
the  APC  System  as  a  phase  demodulator  when  a  sguare  w 
quency  modulated  input  signal  is  applied.  Sketches  of 
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photographs  ars  shown  In  Pig.  3>8<  Ths  Modulating  frsqusncy 
used  was  110  cps,  and  ths  carrier  frequency  was  33  heps. 


TABLE  II 


c 

fin(mln) 

Calculated 

(cps) 

fj^(min) 

Measured 

(cps) 

27r 

6.8  X  10"^ 

2.8 

8 

15 

47  X  10“^ 

20 

8 

50 

820  X  10‘3 

333 

8 

700 

a>_  1  rad/sec 

A 

S  -30  volts 


<0^  -  1275  rad/sec 

-  -  - 


Figure  5.8a  represents  the  Input  frequency  modulating  signal. 
The  demodulated  waveform  sho%m  In  Fig.  5.8b  Is  the  Integral 
of  the  square  wave  Input  modulation,  as  the  demodulated  out¬ 
put  Is  proportional  to  the  phase  modulation.  The  thickness 
of  the  saw-tooth  waveform  is  due  to  inadequate  filtering  of 
the  second,  third  and  higher  harmonics  of  the  35-kcps  carrier 
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PHASE  DEWODULATOR 


frequency  It  can  be  seen  from  this  figure  that  the  APC  Sys¬ 
tem  is  an  excellent  phase  demodulatoz. 

5.4  The  Experimental  Response  of  an  apc  System  to 

warrow-Band  Gaussian  Noise 

TO  determine  the  response  of  the  APC  System  to  a  signal 
embedded  In  noise,  the  response  of  the  system  to  narrow-band 
Gaussian  noise  when  no  signal  was  present,  was  first  investi¬ 
gated.  The  theoretical  aspect  of  this  investigation  was  dis¬ 
cussed  in  Chapter  3.  That  discussion,  and  the  discussion  of 
the  signal  plus  noise,  relies  on  the  fact  that  the  response 
of  the  system  to  noise  can  be  analyzed  using  the  iteration 
technique.  One  of  the  more  important  results  obtained  using 
this  technique  was  that  the  system  acted  as  an  open  loop  sys¬ 
tem  to  the  noise.  The  following  discussion  describes  the  ex¬ 
periments  performed  and  clearly  shows  that  the  theoretical 
model  is  correct. 

5.4.1  The  Input  Noise 

Figure  5.9  illustrates  the  manner  in  which  the  narrow- 
band  Gaussian  noise  was  obtained.  (The  APC  System  used  is 
shown  in  Pig.  5.1.)  The  tuned  circuit  shown  in  Pig.  5-9  was 
adjusted  for  a  resonant  frequency  of  35  >cps.  The  resultant 
bandwidth  was  measured  and  found  to  be  approximately  6  kcps. 
The  noise  leaving  the  emitter-follower  was  tested  for  being 
Gaussian  by  comparing  the  rms  noise  measured  using  a  Ballan- 
tine  true  rms  meter,  with  that  obtained  using  a  peak  detector 

The  noise  can  be  written  as’' 


H(t)  y(t)co8(a)^t  +  6(t)) 


(5.^.1) 


where  N  ( t ) 


is  Gaussian, 


with  a  zero  mean  and  a  variance 
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If  th.  noise  is  nerrowband,  y(t)  i,  luyngh. 
reading  meter,  such  as  the  HPVTVM,  reads 


A  peak 


<  y(t)  >  .  Lin  A  /  y(t)dt 

T  -►  CO  ® 


(5.4.2) 


Since  the  probability  of  a  Rayleigh  distribution  is, 


p(y)  -  ^ 


-y*/2o® 


(5.4.3) 


and  since  p(y)  is  stationary,  the  average  value  of  the  Ray¬ 
leigh  distribution  is  given  by 


<  y  >  -  y 


“  y;>  -yVSo* 

^  j  ^  e  dy  = 


(5.4.4) 


which  is  a  well  known  result. 

A  graph  of  the  readings  obtained  using  the  peak  detec¬ 
tor  /T’  vs  the  true  rms  meter  readings  (o)  over  the  range 
of  rms  values  that  were  intended  for  use  throughout  the  ex¬ 
periments,  is  shown  in  Pig.  5-10.  The  slope  of  the  curve 
differed  by  less  than  3  cent  from  the  theoretical  value, 

.  It  should  be  noted  that  even  with  this  close  agreement, 
one  cannot  say  that  the  noise  is  definitely  Gaussian.  It  is 
conceivable  that  some  other  distribution  could  yield  the  same 
result .  Ho%#ever,  it  was  expected  that  the  noise  was  approxi* 
mately  Gaussian,  and  for  all  intensive  purposes  this  predic¬ 
tion  was  verified. 
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using  a  true  rma  meter,  the  relation  betiraen  the  rms 

input  noise,  e^  and  e.  was  determined  using  different 
“rms  “rms 

parameters  of  the  phase  lag  filter.  The  results  of  this  meas 
urement  are  shown  in  Table  III. 


sine.  th.  Bt.tl.tle.  e£  th.  ««„«„  fr«,u.ncy  volt- 
,  «.  .t.tlon.ry,  th.  t«  noi..  u-tn,  .  tr«. 

m.  m.t.r  1.  ...n  to  yt.M  th.  r..ult  ..  th.  .t«d.rd  d.- 
viation  calculated  using  the  equation! 


rins 


(5.4.5) 


where 


=  0.025 

oJq  =  27r(  1000)  rad/sec 
and  a  *  27r(  6000)  rad/sec 


Since  the  statistics  of  are  nonstatlonary,  the  rms 
value  of  e^  is  not  the  same  as  Its  standard  deviation.  The 
measured  rms  values  of  e^  were  foxind  to  be  independent  of  u>^. 

The  rms  value  of  the  output  voltage  was  calculated 
using  the  relation 


=  C  e, 


rms 


rms 


(5.4.6) 


This  result  can  be  Justified  by  the  following  argument:  The 
average  value  of  e^  Is  zero.  Since  e^  is  stationary ,  the 
time  average  of  e^  is  also  zero.  Thus, 

<  e ,  >  =  Lim  ^  /  ejj(X)dX  .  (5-4.7) 

o 

t  » 

If  the  time  is  fairly  large. 


/  e^(\)dl  =1  T  <  .^  >  =  0 
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Then  e^CT)  is. 


T 

e^(T)  •=  -  C  e^(T)  “  «d(T)  .  (5.4.9) 


This  approximation  is  valid  only  when  o)  is  small. 

The  measured  values  Oq  ,  and  the  values  calculated 

using  Eq.  (5*4.6)  are  seen  to  correspond. 

The  measurements  shown  in  Table  III  were  made  when  the 

system  operated  (normally)  in  the  closed  loop  position,  and 

again,  with  the  system  operating  as  an  open  loop  system,  with 

disconnected  from  the  VCO.  The  same  values  were  obtained 

In  each  case  for  e^  and  e.  This  clearly  indicates 

„  rms  rms 

that  the  noise  "sees"  an  open  loop  system. 

5.4.3  Verification  of  tlw  Gaussian  Character  of  e^ 

To  determine  the  probability  distribution  of  e^  ,  the 
voltage  was  recorded  using  a  Sanborn  recorder  and  I656  samples 
were  obtained  from  the  recording  over  24  amplitude  intervals. 
The  estimated  probability  that  the  noise  is  below  the  m^*' 
interval  is 


P(eH  < 


m  n. 


(5.4JO) 


where 

E.  is  the  difference  frequency  voltage  in  the 
a 

m  interval, 

n^^  is  the  number  of  samples  present  in  the 
i*^^  interval, 
and 

n  is  the  total  number  of  samples  recorded. 


-93- 


The  probability  that  the  difference  frequency  voltage,  e  , 
is  less  than  a  specified  voltage,  ,  is  plotted  on  proba¬ 
bility  paper  in  Pig.  The  resulting  curve  approximates 

a  straight  line  and  therefore,  approximates  the  Gaussian  dis¬ 
tribution  found  theoretically.  Table  IV  shows  the  probabil¬ 
ity  density  per  interval,  I.  A  change  in  e^  of  approximate¬ 
ly  one  millivolt  was  required  for  a  change  of  one  interval. 

A  "goodness  of  fit"  test^’^  was  also  performed. 

The  distribution  can  be  approximated  by 


where 


and 


n^^  is  the  number  of  samples  in  the  i  interval, 
n  is  the  total  number  of  samples, 

p^  is  the  actual  Gaussian  probability  density. 


as  found  from  a  table  of  Gaussian  distributions.*’®  From 
Table  IV,  it  is  seen  that  the  expected  value  of  the  voltage, 
,  is  in  the  twenty-fifth  interval,  or 


where  I  is  any  amplitude  interval.  The  estimated  variance 


(I  -  25)® 


(5.^. 13) 
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TABLE  IV 

Interval  (l) 

e^(millivoltB) 

Nuniber  of  Samples 
per  Interval 

n^/n(x  10"^) 

17-18 

18- 19 

19- 20 
20-21 
21-22 

22- 23 

23- 24 

24- 25 

25- 26 

26- 27 

27- 28 

28- 29 

29- 30 

30- 31 

31- 32 

32- 33 

33- 34 

34- 35 

35- 36 

36- 37 

37- 38 

38- 


-10.5 

-  9.5 

-  8.5 

-  7.5 

-  6.5 

-  5-5 

-  4.5 

-  3.5 

-  2.5 

-  1.5 

-  0.5 
+  0.5 
+  1.5 
4  2.5 
+  3.5 
4  4.5 

4  5.5 
4  6.5 
4  7.5 
4  8.5 
4  9.5 

410.5 

411.5 

412.5 


. 1207729468 
. 1207729468 
.7850241542 
1.1473429946 

I. 6908212552 
3.6835748774 
5.2536231 
7.0652173878 
8.756038643 
9.8429951642 

II. 5338164194 

11.2318840524 

10.2318840524 
8.6956521696 
7.1256038612 
5.0120772922 
3.5024154572 
1.7512077286 
1,3285024148 

. 5434782606 
.3623188404 
. 1207729468 
.063864734 
.063864734 


_a 

1656 


0.9999999992 


Equation  (5-^  IJ)  can  ba  evaluatad  using  Tabla  iv.  Than 

o»  -  12.274324  (5.4.14) 

and  tha  astimated  standard  daviation  is 


Oj  -  3.50347  . 


(5.4.15) 


Knowing  the  estimated  standard  daviation,  the  probability 
density,  ,  was  found  and  calculated. 

X*  =  10.214  .  (5.4.16) 


There  are  24-amplitude  intervals,  and,  since  the  vari¬ 
ance  was  estimated,  23  degrees  of  freedom.  These  results  in¬ 
dicate  that  by  chance  alone,  if  the  probability  distribution 
is  Gaussian,  then  with  a  probability  of  0.99*  the  y*  test 
would  indicate  a  worse  fit  than  the  one  actually  observed. 


It  should  be  noted  that  the  Sanborn  recorder  has  a  3-<tt> 
bandpass  of  about  45  cps.  Thus,  the  recorder  itself  does  a 
great  deal  of  filtering  of  the  voltage  e^  . 


5.5 


5.5.1  Introduction 

A  frequency  r«.p  nodulated  ilqnal  and  narrow-band  oaua- 
aian  nolae  were  alKultaneoualy  applied  to  the  APC  SyatM. 

The  initial  frequency  error 


«(o)  .  0)^  -  10^  •=  n 


(5.5.1) 
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was  always  chosen  to  be  greater  than  zero,  to  Insure  locking 
if  noise  were  not  present  (see  Pig.  2.3).  During  the  locking 
process  it  was  observed  that  if  the  phase  error  between  the 
input  signal  and  the  output  of  the  voltage  controlled  oscil¬ 
lator  exceeded  J  radians  a  large  percentage  of  the  time, 
the  system  would  not  synchronize  to  the  incoming  signal. 

This  condition  was  determined  by  observing  the  output  voltage 
of  the  multiplier,  e^  ,  on  a  high  persistance  oscilloscope 
screen . 

5.5.2  The  Effect  of  Limiting  on  the  Response  of  the  APC 

System 

Two  random  noise  generators  were  used  in  this  experi¬ 
ment.  The  output  of  the  first  noise  generator,  when  filter¬ 
ed,  produced  Gaussian  noise.  The  second  noise  generator  pro¬ 
duced  limited  (clipped)  Gaussian  noise.  It  was  observed  that 
when  the  amplitude  of  the  noise  was  limited,  the  rms  value 
of  the  noise  required  to  prevent  the  system  from  locking,  in¬ 
creased  considerably  beyond  the  rms  value  of  the  noise  re¬ 
quired  when  the  noise  was  not  limited,®** 

5.5.3  The  Effect  of  Varying  the  Parameters,  e  and _ * i,. SB, 

the  Response  of  the  APC  System 

The  effect  of  varying  the  filter  parameters,  e  and  ’a’, 
on  the  performance  of  an  APC  System  is  shown  in  Fig.  5.12. 
These  curves  were  obtained  by  first  adjusting  the  noise  to 
obtain  a  particular  N/S  ratio  and  then  seeing  if  the  system 
locked.  It  the  system  locked,  the  noise  was  increased  in 
1-volt  rms  steps  until  the  system  locked  only  part  of  the 
time.  The  noise  was  then  decreased  by  1-volt  rms  and  the 
reading  taken.  (A  threshold  level  of  approximately  2-volts 
rms  seemed  to  exist.)  The  measurements,  shown  in  Pig. 
were  made  with  a  signal  amplitude 


S  e  5  volts. 


(5.5.2) 
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FIG.  5.12  EXPERIMENTALLY  DETERMINED  MAXIMUM  PERMiSSABLE  N/S  RATIO  FOR  LOCKING  TO  OCCUR 


! 


and 

“  3  .  (5.5.3) 

Therefore, 

(Oyj  *=  212n  rad/sec  .  (5.5.^) 

It  Is  seen  that  as  <a'  Increased,  the  n/S  ratio  had 
to  be  decreased  to  still  Insure  locking.  When  'a*  exceeded 
1/2,  the  system  was  found  to  be  unable  to  synchronise  to  the 
Input  signal  unless  the  noise  was  reduced  to  zero.  Even  then, 
the  system  did  not  lock  If  the  Initial  conditions  vrere  not 
adjusted  properly  (see  Pig.  2.4).  This  result  follows  Imnedl- 
ately  from  the  experimentally  observed  that  the  requirement 
phase  error  must  be  less  than  most  of  the  time.  In 
steady  state,  the  phase  error  due  to  the  signal  Is, 

0  =  sin  a  .  (5-5»5) 

(steady  state) 

Thus,  as  'a*  Increases  ^(gteady  state)  f 

and  the  maximum  value  of  the  noise  must  be  decreased  to  In¬ 
sure  locking. 

optimum  r«8ult,  were  obtained  .dien  the  normelUed  damp- 
in?  factor,  e  ,  waa  adjuated  ao  that  the  ayatem  waa  critical¬ 
ly  damped.  Vfhen  the  ayatem  waa  underdamped  or  overdamped, 
large  phaae  errora  (due  to  the  algnal)  reaulted  over  a  long 
period  of  time.  Thla  Increaaed  the  probability  that  the  nolae 

would  prevent  the  system  from  locking. 

Theae  reaulta  ahow  that  during  the  locking  proceaa  the 
ayatem  ahould  be  critically  damped.  After  locking,  ho^r. 
t  ahould  be  reduced  to  decreaae  the  variance  of  the  ^haae 

jitter,  6 
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Chapter  6 


6.1  Conclusions 

The  two  analytical  techniques  presented  permit  the 
calculation  of  the  response  of  an  Automatic  Phase  Control 
System  to  FM  signals.  The  comparison  made  between  the  theo¬ 
retical  and  the  experimental  results  Indicate  that  the  per¬ 
turbation  and  piecewlse-llnear  techniques  yield  excellent  ap¬ 
proximations  of  the  second-order  nonlinear  differential  equa¬ 
tion  studied.  The  perturbation  technique  yields  extremely 
good  analytical  results.  However,  it  can  be  used  only  to  de¬ 
termine  the  response  of  an  underdaunped  system.  A  piecewise- 
linear  solution  is  easier  to  obtain  than  the  perturbation  so¬ 
lution.  Hovfever,  the  linearization  of  the  system  results  in 
a  loss  in  accuracy. 

The  response  of  the  APC  System  to  noise  was  obtained 
without  "linearizing"  the  system  equation,  through  use  of  an 
iteration  technique.  It  was  shown  that  with  an  RC  low-pass 
filter  and  an  active  phase  lag  filter  present  in  the  loop, 
the  system  responded  to  noise  as  an  open  loop  system.  The 
noln  r«j.ctlon  of  thi.  dovlce  !•  grMft  than  t»t 
<»ln9  «  llnoat  (The  re.ponee  of  e  linterUed  KK 

to  nolM  «.  ehown  to  re.ult  in  .  cloeed  loop  .y.t«.) 

The  APC  Syete*  can  aynchronlae  to  a  frefluency  ranp 
-odulatad  elpnal,  if  the  elope  of  the  frequency  ra« 
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When  the  signal  is  embedded  in  noise,  the  maximum  input  n/s 
ratio,  to  permit  locking,  varied  inversely  to  ^/aTcT  .  This 
expression  acts  as  an  effective  ’’bandwidth”  of  the  system. 

(The  term  "bandwidth”  is  actually  a  misnomer,  since  the  system 
response  found  is  a  transient,  not  a  steady  state  response 0 

It  was  shown  experimentally  that  the  normalized  dan^ 
ing  factor,  e  ,  affected  the  probability  of  locking  to  a  fre¬ 
quency  ramp  modulated  signal.  The  critically  damped  condi¬ 
tion  was  found  to  yield  optimum  results.  The  underdamped  and 
overdamped  responses  required  a  longer  time  to  lock,  thus 
decreasing  the  probability  that  the  system  would  synchronize 
to  the  Incoming  signal. 

6.2  Suggestions  for  Future  Work 

The  response  of  an  APC  System  to  an  FN  signal  in  the 
presence  of  an  interfering  signal  should  be  investigated. 
Preliminary  observations  indicated  that  the  system  would  lock 
to  the  closer  of  the  two  signals.  It  will  fall  out  of  lock, 
however,  if  the  amplitude  of  the  interfering  signal  is  too 
great.  The  amplitude  required  to  pull  the  system  out  of  syn¬ 
chronism  was  found  to  be  proportional  to  the  frequency  dif¬ 
ference  between  the  two  signals. 

The  analysis  used  to  determine  the  response  to  a  sig¬ 
nal  and  noise,  should  be  extended.  The  results  presented  in 
this  dissertation  should  be  experimentally  verified,  and  an 
attempt  made  to  demonstrate  convergence  of  the  iteration 

technique 

The  active  phase  lag  filter  was  used  in  the  analysis 
presented,  as  it  is  used  in  the  majority  of  APC  Systems  in 
operation  today.  An  attempt  should  be  made  to  find  P" 

timum"  filter.  In  the  past  the  APC  System  was  1^«**^^**^» 
and  the  linearized  system  ’’optimized."  This  does  no  ne 
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garily  imply  "optimum''  rasults  with  ragard  to  tha  locking 
problem.  Tha  possibility  of  using  a  nonlinaar  filtar  instaad 
of  tha  phasa  lag  filtar  should  ba  invastigatad.  Tha  usa  of 
a  limiter  should  also  be  considered. 

It  is  suggested  that  any  theoretical  work  parfomad 
ba  supplamantad  by  a  great  deal  of  experimental  research. 
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APPSNOIX  A 


THE  SOLUTION  TO  TOB  LIMBABIglP  itfvnitT. 


The  second-order  nonlinear  differential  equation  to  be 
analysed  Is 


+  €  cos  ^  ^  sin  ^ 


«  -a 


flail 

dT 


(A.l) 


If  the  phase  error 


I  ^  I  <  <  1  radian. 


(A.2) 


Bq.  (A  1)  can  be  linearisedi 


-a 


de  (t) 
—JL — 
dt 


(A. 3) 


The  solution  to  this  equation  is  well  known.  For  ex¬ 
ample,  If 


€  ■  0.2$  , 

JL_ 

■  •  “*“  » 
dT  20 


(A.M 


-  0 


and 


dT 


1.6 

T  0 
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the  phase  error  is 


T 

“  w 

0(t)  «  1.63  •  °  sin(T  +  0.0965)  -  ^  . 

In  this  particular  example,  the  phase  error  exceeds  one  radi¬ 
an,  causing  the  result  obtained  using  this  technique  to  be 
significantly  different  from  the  results  Obtained  using  the 
perturbation  and  plecewlse-llnear  techniques  (Section  2.4)  shown 
In  Fig.  2.5. 
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APPENDIX  B 


3, 1  The  Statistics  of  t 
The  output  voltage 


t  -  -  X) 

e  (t)  «  e^  (t)  -  0)^  /  e  e^  (X)dX  .  (B.l.l) 


The  expected  value  of  e^  (t)  ia 


*(•0 

1 


“a 

t--^{t 

-c  E(e^  (t))  -  0)^  /  • 


(B.1.2) 


B(e^  • 


Since 


B(e-  (t))  »  0  , 


(B.1.3) 


the  expected  value  of  the  output  voltage  is 


E(e^j  (t))  »  0 

1 


The  autocorrelation  function  of  e^^  (t) 


(B.1.4) 


%  (t.T)  -  R  (t)  U  e 


®  ®d 

>  1 
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+  tt)  , 

*  o 


t  +  T  -  J(t  +  t  -  \) 


*,  (t  -  )i)<JX 

d 

1 


(B.1.5) 


+  U). 


t  t  +  T  r  -  ~(2t  4  T 

» ;  dx  ;  dJ  •  *■ 

O  O  L 


-  X  -  V; 


R.  Cn 


.«] 


where 


tD_  -<u  jul 

R.  (u)  .  -f  0*  0»  .  ® 

®  in 


[b.1.6) 


The  substitution  of  Bq.  (B.I  6)  into  Eq.  !b.1.3]  re¬ 
sults  in  several  straightforward  integrations.  The  first 
integral  becomes > 


CO, 


;  e  ^  (t  4  T  -  ^)dX 

o  •d. 


-a  G*-*  e 
a  X  n 


“a 

"o  +  T 


]■ 


(B.1.7) 


The  second  Integral  isi 

t  4  T  -  -^(t  4  T  -  X) 

;  e  ^ 

o 


CO. 


t  -  -^(t  +  T 
o 


-  X) 


B  (t  -  X)dX 


CO. 


t4T  -•:r(t-^'f-x) 


R_  (X  -  t)dx 

•d 

1 
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U) 


av  -  -f(t  +  |t|  )|  ^  t  ^  ^  ^ 


r  <l)_ 


«*<’!!•  * 
a  in 


.-K-h'  1)1 


“a 

(D  -  ~ 
O  A 


(B.1.8) 

The  third  integral  can  be  evaluated  using.®’  ^  The  double  in¬ 
tegral  can  then  be  written  as 


t  t  4  T 
;  dX  /  drj 
o  o 


where 


t  t-X  O  t  -T  t4T-X 

/dx/dTj  4/dx/dX4/dx  J  dX 
O  O  -TO  -(t  4  t)o 


(B.1.9) 


X  «  X  -  TJ  . 


Therefore, 


t  t  4  T  I  -  4  T  -  X  -  Tj) 

/  dX  /  drj 
o  o 


t  t  -  X 

=  /  dx  /  dTj 
o  o 


[.■ 
[.■> 


Re 

®d 

1 


(2t  4  T  -  X  -  2n) 


e 


-«] 

-I 


o  t 
4  ;  dx  /  dX 
-T  O 


T  t -tT 

4  /  dx  /  dX 
-(t  4  t)  O 


•  ’  •  ■  •  w] 


<s 


(2t  4  T  4  X  -  2X) 


Re  (x) 
®d 

1 


](B.l. 


10) 


^  -2  g2o2  — i— 

O  i  n  <*)_  , 

2  -f 


“o  T 
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(B.i.n) 


Since  the  RC  low-pass  filter  is  assumed  to  be  operating  in 
steady  state, 

-OJ^t 

e  ®  <  <  1  .  (B.1.12) 


In  addition. 


(B.1.13) 


where 


A  a  3  X  10^  , 

u)  -  1  rad/sec 
Si 


and 


uj  2000  Tf  rad/sec  . 
o 


Using  the  above  approximations  (Bq  (B.1.12)  and  Eq.  (B  1.13)) 
th.  .utocorrelatlon  function  of  the  output  voltage  beconea. 
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Th.  third  integru  c.n  b.  in  th.  f,u«l.^ 


t  +  T  t  V 

/  dv  /  dX  /  dTl  R  (X 


o  o 


where 


!r  ^  V 

H^(v.t)  -  /  dX  /  dTJ 
o  o 


-“o  h  -  n 


t  V  -0) 


I  H  (v,t)  -  /  dX  /  dT) 

N  *  M  ^ 


o  o 


X  -  tj 


v<  t 


V  >  t 


H(v,t)  can  be  evaluated  (uelng  rig.  B.2)  in  a  similar  manner 
to  Bq.  (B.1.9).  Then 


tO-V 

o 


o  o 


(B.2.8) 


and 


0«.  1  /  \  1  -^_v 


V  ,  (O^t 

_  r 

o  o  '  o 

Equation  (B.2.7)  can  then  be  evaluated! 


t  +  T  t  V 

/  dv  /  dX  /  dTJ  R  (X  -  q) 
o  o  o  d 

1 


-  3^  ((t  4  |t|)  j^l  -  e  ®  j  ) 
t  f  x  i  -<tt-  NK“| 

“  )J- 


(B.2. 10) 
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K  -X-i; 

A-IOO>Z*OMt 

B.a  GRAPHICAL  PROCEOURe  USED  TO  EVALUATE  EQUATIONS  8.2. 8  AND  8.2.9 


Th«  third  integral  can  ba  aimpiified  in 


the  following  manner t 


t  +  T  t  V 

/  dv  /  d\  /  dTj  R  (X  -  t))  - 


o  o 


“e  .  .  ^ 

a  VS  !  (B.2.7) 

o 


where 


H(v,t) 


t  V 

H^(v,t)  =  /  dX  /  dTi  e 


-“o  h  ^ 


o  o 


t  V  *<0 


I  H  (v,t)  «  /  dX  /  dT)  e 
'  o  o 


X  -  Tl 


V  <  t 


V  >  t 


H{v,t)  can  be  evaluated  (ueing  Pig.  b.2)  in  a  similar  manner 
to  Bq.  (B.1.9).  Then 


o  O  '  o 


(B.2.8) 


and 


H  (v,t) 

^  *  O). 


2£  .  fi  .  -  -4( 

“o  ^  ^ 

Equation  (B.2. 7)  can  then  be  evaluated! 


-(O-V 

I  ®  -  l)e  ®  .  (B.2. 9) 


t  +  T  t  V 

/  dv  /  dx  /  dT,  (X  -  n) 


o  o 


■  i  I'l  '  ^  (it  «|tl)  [l  '  •“'“*]  ) 


(B.2. 10) 
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*  •X-yj 


A-ioo-z-ooca 


^•6.8.2  GRAPHICAL  PROCEDURE  USED  TO  EVALUATE  EQUATIONS  B.2.8  AND  B.2.9 


The  leet  integr.1  can  be  ev.lu.ted  uelng  the 
procedures  t 


suae  siaiplifying 


(B.2.U) 

where 

- /dv  /  dg  (V  .  (8.a.i2) 

j  =  ‘ 

■\UA)  .  ;  dv  /d,  (V  -  ,)  {  >  X  .  (b.2.13, 

1 

Equation  (b.2.12)  and  Bq.  (B.2.13)  are  similar  to  H  (v,t) 

and  H^(v.t)  t  given  by  Eq.  (b.2.8)  and  Bq.  (B. 2. 9).'  There¬ 
fore! 


*  rt  <3*  0* 

i  a  1  n 

1 

1 

\  -<D-X 

y  e  ® 

(B.2.14 

A  ^ 

“>o 

(B.2.15) 


The  fourth-order  Integral  has,  therefore,  been  reduced  to  a 
second-order  integral.  This  integral  can  be  solved  using  the 
rules  of  Eq.  (b.1.9).  The  final  result  is  them 


^  ^  +  /"I -■  e  °  f  "“o  • 

3  %  \  ^  /  \  ^  "  •  ' 

*K0  t 

.  i.i(s^....i)].  „.,. 


16) 


The  RC  filter  is  asaumed  to  be  operating  In  the  steady  state; 
therefore,  we  can  assume  as  before  that 


•  ®  <  <  I  . 


The  autocorrelation  function  of  the  phase  Jitter  Is  them 


Rg  ( t , T ) 


2  G* 
_ L 


^  t  jc*  +  C(®,t  + 


(B.8.17) 


where 


The  phase  jitter  results  from  the  Integration  of  a 
nonstationary  Gaussian  random  process.  Consequently,  It  too 
is  a  nonstationary  random  process  and  has  a  Gaussian  distri¬ 


bution  with  a  zero  mean. 
B.3  To  Prove  I  B(50| 


-iB[f(t)l*_  -i  o|(t) 


If  f  Is  normal. 


g^fsnj  „  lr3T5  r::  {2n  -  l)ls(*)*)”  • 


(B.3.1) 
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Then 


and 


E(eo.  f)  -  1  -  iBlfp  4  .  . . . 

+  t-  11"  r  •  tan  - 

(2n)! 


(B.3.8) 


=  1 


Therefore, 


-iEtf{t)l»  -io|(t) 
E(c'^p(f (t)  1)  *=  e  He 


(B.3.3) 


B.4  An  Illuetratlve  Example  Demonstrating  that 

-a  |t| 

R  (t,T)  21  Rg  (t,T)  -  0*  e 

2 _ X  _ 

The  second  approximation  to  the  autocorrelation  func¬ 
tion  of  the  output  of  the  multiplier  is  given  by 


R-  (t,T) 


e. 


m 


G®o*e 
X  n 


-a|T|-i[o|  (t)  +  a|  (t  +  T)-2R,  (t,T)l 


(b.4.1) 


where 


TT  ^  ^  ^  ^  ^  a>_  • 


(0 
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It  is  shown  In  this  section  thst 


|t|>  >  ^(o|  (t)  +  9|  (t  +  T)  -  (t.T))  (b.11.2) 

*1  s.  ' 


and  therefore. 


(t,T)  a 


m 


O*  o*  e 
X  n 


-al-rj 


(b.4.3) 


Equation  (b.4.2)  can.  be  •  rewritten  using!  Bq.  (B. 2.17) t 

a  It  I  >  >  J  G*  G*  o*K*(2t  4  jrl)  +  C  4  (t  4  1t|  )») 

o  1  «  nj  • 

+  -^  +  (t  +  |t|  )»)  -  2C*t  -  2C  o>,(t»  +  t  |t|  ) 

-  <u»  {|  t»  +  t*  |t|  )j  .  (B.'t.'l) 

Equation  (B.4.4)  is  easily  simplified.  The  inequality  then 
becomes 

r  ®e*  1 

o  >  >  i  G*  G»  0»  (?*  +  2?  V)  *  +  T  ^  J  • 

a  i  2  n  I  * 

»  i  ^  U  m 


(b.4.5) 


The  inequality  expressed  by  Bq.  (B.4.5)  can  be  written 

f(t,T)  .  T"  +  (C  +  V)^  -  ^  “•*  -  ^  ®- 

A 

(b.4.6) 
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The  Inequality 


<  <  0  (B.4.T) 

need  only  be  satlafled  %dien 

and 

If  It  I  ^  ^  f  Bq.  (B.4.1)  is  approx inately  zero,  as  is 
(t)  .  It  is  only  of  interest  to  show  that 

III 

1 

R  (t,T)  £1  R  (t,T)  (B.4.8) 

m  m 

2  1 

when  these  values  are  non-zero. 

The  following  illustrative  example  clearly  illustrates 
that  the  Inequality  presented  in  Bq.  (B.4.7)  satisfied. 

Let 

a  -  27r( 6000)  rad/sec 

(o^  m  27r(  1000)  rad/sec 

<0^  »  1  rad/sec 

^  «  50  X  10"® 

G  G  -  42^5  Trr  ad/sec/volt 

i  2 

0®  «  100  (volt)® 


The  minimum  value  of  £(t,T)  with  reepect  to  t  is 
found  by  differentiating  with  respect  to  t 


“  2t  +  ^  (C  +  (Oj^t) 


(B.4.10) 


Therefore j 


|t|- 


(b.4.11} 


Thus,  in  th'!  range  of  interest,  £(t>T)  is  an  increasing  func¬ 
tion  of  T  as  shown  in  Fig.  B.3.  It  is  seen  from  this  fig¬ 
ure,  that  f(t,T)  is  closest  to  zero  in  the  interval. 


when 


(B.4.12) 


(B.4.13) 


5 

Thus,  letting  ®  ^ 


and  using  Eq.  (B.4.9) 


(B.4.14) 


After  the  AFC  System  has  been  in  operation  for  one -half  hour 
(which  is  an  extremely  long  time) 


£^1800,^^  -i860  <  <  0  . 


(b.4.15) 
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Therefore,  to  all  intents  and  purpoeee,  we  have  shown  that 


when 


and 


|T|  <  f 
t<<f  . 

ft 


16) 
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apmudix  c 


Tha  input  voltage  to  the  Xpc  System  la, 

e^(t)  -  S  Bin  0jt)  +  ||(t)  (C.i) 

where 

^  (t)  C  0)  t  +  0  (t) 

1  a  i'  ' 

and 

0^(t)  la  the  phase  modulation  . 

The  additive  noise,  M(t)  ,  is  narrow*band  Gaussian  nois^ 
and  can  be  written  ast 

N(t)  »=  x(t)cos  CO  t  -  z(t)8in  u)  t  =  C(t)8in(a)  t  +  (C,2) 

2  2  a  ** 

I 

where,  x  and  z  are  independent  Gaussian  random. variables 
(see  Chapter  3,  Sec.  3),  c(t)  is  Rayleigh  distributed,  and 
^^(t)  is  a  uniformly  distributed  phase  angle  having  a  proba¬ 
bility  density. 


0  <  ^  <  27r 

elsewhere 
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Iha  input  voltap.  can  than  ba  wrlttan  aa, 

•c(t)  -  8  ain(a.,t  +  sjt))  .  c(t).in(„^t  . 
»  E^(t)«in  (co^t  +  ^^(t))  . 


Bc(t)  and  V'c(t)  are  eaeily  determined 
diagram  shown  in  pig.  c.l.  Then 


(C.3) 

“■ing  the  phasoru 


E?(t)  -  S» 


f  ♦  +  8  coa(*„(t) 


and 


m 

'n(‘)  -  »Jt)) 

■I 


(C.l|) 


♦e(t)  -  9 


(t)  +  ..-~Y  C<*^>«M»„(t)  -  9  (t))  V 
*  \S  +  C(t)coa(V^(t)  -*9^(t))J-  (®-5) 


If  the  noise  is  limited  so  that 

lc(t)  I  <  <  S  , 

(which  requires  a  large  s/^  ratio). 


=.  S 


(C.6) 


and 


l«'c(t)  i  0^(t)  +  -  0^(t))  .  (C.7) 

Utilizing  Eq.  (C.2),  it  is  seen  that 

C(t)sin(-  0^(t)  +  ^^(t))  -  x(t)cos  0^(t)  +  s(t)sln  0^(t)  . 

(C.8) 
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If  u(t)  £  x(t)cos  +  z(t)ain  0^(t)  (c 

then  Bq.  (C.7)  becomee 

+  8  •  (C-10) 


Therefore,  the  input  voltage 

e^(t)  »  S  8ln(a)^t  +  0^(t)  +  ^  u(t))  -  8  •ln(0^{t)  +  J  u{t)). 

(C.U) 

The  statistics  of  u(t)  are  easily  determined. 

B(u(t))  -  0  , 

and 

R^(t,T)  »  Rjj('r)co8(0^(t  +  t)  -  0^(t)) 


The  input  signal  was  originally  passed  through  an  IT 
filter  having  a  center  frequency,  a>^  ,  and  a  bandwidth, o. 

The  maximum  frequency  of  the  modulating  signal  is  assumed  to 
be  much  less  than  a  .  Therefore, 


dd 

dt 


<  <  a  . 


Equation  (C.IO)  is  only  of  interest  when 


(C.13) 


(C.14) 


The  autocorrelation  function  of  u(t)  i 


R„(t,T)  ri  cl  e 


-o  I  f  I 


(C.15) 
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appendix  d 


THB.  RgS^NSE  Qg  AH  APC  SYSTEM  TO  AN  fii  and 


D. 1  The  Iteration  Technique 

The  input  voltage  to  the  APC  System  is 

e^(t)  «  S  sin  0^(t)  +  H{t)  .  (D.1.1) 


The  noise  is  narrow-band  Gaussian  noise  and  can  be  written  as, 

N(t)  e  x(t)cos  a>  t  -  z(t)sin  u>  t  .  (D.1.2) 

2  2 


The  output  phase  of  the  VCO  is  initially  assumed  to  be 
noise  free.  Thus, 


(t)  «=  cos  0  (t)  »  cos(a)  t  +  0  (t))  .  (D.1.3) 

^o  «o  *  ®o_ 


The  first  approximation  of  the  output  voltage  of  the  multi¬ 
plier,  (t)  ,  is  then, 

X 


(d.1.4) 


Letting, 

0  .  e  (t)  -  , 

*o 


(D.1.5) 
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I 

and  UQ(t)  -  x(t)coa  (t)  +  *(t)ain  9  (t) 

* 

the  multiplior  voltage. 

*in  «  G  8  ain  0  +  Q  u  (t)  . 

X  ‘ 

(0.1.6) 

D.1.1  'Che  Statistics  of  Uo(t) 

The  expected  value  of  u^(t)  1st 

B(u  (t))  «  E(x(t))cos  6  (t)  +  ■(s(t))sin  9  (t) 

»0,  »0, 

-  0.  (D.1.7) 

The  probability  density  of  u^{t)  is  determined  by  evaluating 
its  moment St 

*(w5(t))  -  B(x*)cos*  9  (t)  +  l(s*)sln*  9  (t) 

•o,  0, 

(0.1.8) 

However , 

B(x»)  -  B(s*)  -  oj  . 

(0.1.9) 

Therefore, 

U  X 

o 

(D.l.lO) 

Similarly, 

b(uJ)  »  1*3  oj  , 

(D.1.11) 
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and 

bCuJ")  -  1-3  (2n  -  i)oJ  . 

Odd  order  moments  are  obviously  sero.  Thus,  u  (t) 
Sian  distributed. 

The  autocorrelation  function  of  u  (t)  Is 

o  ' 

R  (t,T)  «  E(u^(t)u^(t  +  t)) 
o 

«  B(x(t)x(t  +  t))cos  0  (t)cos  0  (t  +  t) 

4  B(z(t)*(t  4‘T))sln  0  (t)sln  0  (t  4  t) 

“®s  ®S 

since 

B(xz)  >  0 


Noting  that 

B(x(t)x(t  4  t))  »  B(z(t)z(t  4  t)) 


-a  |t| 

e  , 


Eq.  (D.1.13)  becomes, 

R  (t,T)  .  Oj  COS(e  (t  +  T)  -  9  (t))  . 

“o  ®B  a 

When  T  >  5/® 

Il„  (t.T)  =  0  • 


(D.1.12) 
is  oaus- 


,  (D.1.13) 


(0.1.14) 


(0.1.15) 


(0.1.16) 


(0.1.17) 
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ifhan  T  <  5/a 


,  -altl 

(t,t)  »  oj  •  cos 


r>d9* 


(D.1.18) 


The  instantaneous  frequency  of  the  response  of  the  VCO  to  a 
signal  Is 


0,  (t)  “  (t)  . 


(D.1.19) 


The  frequency  always  much  less  than  the  bandwidth 


o« 

of  the  RC  low-pass  filter.  This  requirement  insures  that  the 
fi»0q\jAncy  of  the  input  signal  is  not  affected  by  the  KC  low- 
pass  filter.  Then, 


I  (t)  l<  <  . 


(D.1.20) 


However , 


(Dq  <  o  . 


(0.1.21) 


(a  is  the  bandwidth  of  the  IF  filter).  Therefore, 


(0  (t))T  <<  1  radian  . 

^8 

The  autocorrelation  function  of 


(D.1.22) 


-a 


<  • 


|tI 


(D.1.23) 
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which  is  the  same  as  the  resalt  obtaiaea  £r» 
noise  alone. 

D.1.2  The  First  Itara»^<^w^ 


ttnaiysia  of 


The  output  of  the  multiplier  _ 

the  first  due  to  the  response  of  the  systerr 
(Chapter  2),  and  the  second  due  tTll  *"  ™ 

itv'- 

phase,  Ogjt)  ,  also  consists  of  two  terms:  ^ 


0  (t)  =  e 

*e  a 


(t)  +  (t) 


(D.1.24) 


where  ^  ,  is  the  output  phase  when  a  signal 
is  applied  to  the  syStem,  and  6,^  (t)  i.  the  result  obUin- 
ed  from  an  analysis  of  noise  alone"(Chapter  3). 

The  second  approximation  of  the  output  of  the  multi¬ 
plier  is  then 


S  sin(0(t)  +  (t))  +  ujt)  , 


‘n 


where 


«,<t) 


x(t)co8  (t)  +  z(t)sin 


(t) 


(D.1.25) 


(D.1.26) 


The  first  term  in  Eq.  (d.1.25)  shows  that  there  is  a  phase 
jitter  superimposed  on  the  phase  error,  0  .  The  second  term 
in  the  expression  is  due  to  noise. 

0*i*3  The  Statistics  of  u,ft^ 

The  expected  value  of  u  (t)  is 

I  ' 
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(D.1.27) 


B(u^(t))  -  E  x(t)cO8(0  (t)  +  Q  {t)\] 

°8  “i„  J 

+  B  a(t)«ln(0^  (t)  +  e  (t))l 

L  ®8  •!„  J 

However,  from  Bq.  (3.5.5)  «nd  Bq.  (3.5.6), 


Therefore, 


E(ujt))  -  0 


The  autocorrelation  function  of  u^(t)  li 


-oItI 

\  (t,T)  .  Oj  .  E 

1 


com  {9 

L  ** 


(t  +  T)  -  e 


,  (t))  . 

'i 


But, 


CO8(0  (t  +  t)  -  0  (t)) 

»X  *1 

=  co8(d  (t  +  t)  “9  (t)  +  0  (t  +  t)  -  9 


"n 


Therefore, 

B  |co8(d  (t  +  t)  -  0 


[C08 ( 9  I 

B  C08 [9 

L 


(t  +  T)  -  9. 


(t))lcO.^^  (t  +  T)- 
J  ^8 


(0.1.28) 

(0.1.29) 

(0.1.30) 

(0.1.31) 

(t))  . 


(0.1.32) 
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>  E 


E 


-  ^)  -  (t)) 

[00.(9  (t  +  T)  -  (t|l  C0.(9_^  (t  +  T)  -  9  (tw  . 
n  J  *1#  / 


Referring  to  Eq.  (3.5.15)9  Bq.  (3.5.16)  and  Bq.  (3.5.17), 
Eq.  (0.1.30)  becomes. 


-a  |t| 

»u  •  ®°» 

1 


[(^O  )’]  • 


Thus,  the  statistics  of  u  (t)  are  the  same  as  the  statis- 

1 

tics  of  ult) 
o 


The  iterative  procedure  was  not  continued  beyond  this 


point. 


0.2  The  Standard  Oeviation  of  the  Phase  Jitter,  Oq  (t) 


The  standard  deviation,  Oq  (t) ,  is  given  by  Bq 


(3.4.13)1 


‘n 


(t)  t  +  C(V^  ‘ 


‘n 


Ifhen  a  signal  and  noise  are  present,  this  expression  can  be 
normalized  using  the  relations; 


uj  ^  Q  G  S  rad/sec 
n  12 


{D.2.2) 
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I 


(D.2.5) 


The  variance  of  the  phase  jitter 


is  proportional  to  the  "effective  system  bandwidth, "  (o^a>^  , 
the  input  N/S  ratio,  o^S*/2  »  the  normalized  damping  fac¬ 
tor,  €  ,  and  the  normalized  time,  t  , 
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